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Abstract. Let M be a manifold and A a compact exact con- 
nected Lagrangian submanifold of T*M (with Maslov class 0). 
We can associate with A a conic Lagrangian submanifold A' of 
T*{M X R). Wc prove that there exists a canonical sheaf F on 
M X M whose microsupport is A' outside the zero section. We de- 
duce the already known result that the projection from A to M 
induces isomorphisms between the homotopy groups. 
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1. Introduction 

Let M be a C°° manifold and A a closed conic Lagrangian submani- 
fold of T*M, the cotangent bundle of M with the zero section removed. 
Motivated by the paper [TT] where D. Tamarkin used the microlocal 
theory of sheaves of M. Kashiwara and P. Schapira to obtain results in 
symplectic geometry (see [11] and the survey we consider the prob- 
lem of constructing a sheaf on M whose microsupport coincides with 
A outside the zero section. We call such a sheaf a "quantization" of A. 
As explained to me by C. Viterbo it is possible to define a quantization 
of A by means of Floer homology, under some topological assumptions 
(see [ISj), and, conversely, to recover some aspects of Floer homology 
from a quantization (for example, analogs of the spectral invariants are 
introduced in [12] using a quantization). 

The main purpose of this paper is to construct a quantization us- 
ing only the microlocal theory of sheaves. We also deduce from the 
existence of the quantization known results of Fukaya-Seidel-Smith [2] 
and Abouzaid [1] on the topology of A. However we assume, as in [2] 
and [1], that A has Maslov class 0. This is proved by Kragh [8] but 
we do not know for the moment how to recover this result with our 
methods. We also point out that the link between the microlocal the- 
ory of sheaves and the symplectic geometry is studied in another way 
in [IDli. 

In order to understand topological obstructions for this problem (the 
Maslov class of A and some relative Stiefel- Whitney class) we give a 
description of a stack over A that we call the Kashiwara-Schapira stack. 
In the first part we study the Kashiwara-Schapira stack of A when A is 
a locally closed conic Lagrangian submanifold of T*M. In the second 
and third parts we construct a quantization of A when A is a closed 
conic Lagrangian submanifold of T*(M x M) obtained by adding a 
variable from a closed compact exact Lagrangian submanifold of T*M 
with Maslov class zero and relative Stiefel- Whitney class zero. Using 
this quantization we recover the results of [2] and [1] mentionned above. 

Let us first recall one of the main ingredients of the microlocal theory 
of sheaves (see [3 [6l [7]), namely, the microsupport of sheaves. Let k 
be a commutative unital ring of finite global dimension. We denote 
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by D^(kA/) the bounded derived category of sheaves of k- modules on 
M. In loc. cit. the authors attach to an object F of D'^(kj\./) its 
singular support, or microsupport, SS(F), a closed subset of T*M. 
We recall its definition in Section |2l The microsupport is conic for the 
action of (M"*", x) on T*M and is co-isotropic. It gives some information 
on how the cohomology groups H^{U;F) vary when the open subset 
U G M moves. The microsupport was introduced as a tool for the 
study of sheaves. In [TT] Tamarkin uses it in the other direction: if a 
given conic Lagrangian submanifold A of T*M admits a quantization 
F e D^(kM), then we may use the cohomology of F or its extension 
groups to obtain results on A. Tamarkin constructs quantizations of 
Lagrangian submanifolds of T*SU{N) associated with subsets of the 
complex projective space, in particular the real projective space and the 
Clifford torus. He deduces non-displaceability results for these subsets. 
In [3], building on Tamarkin's ideas, the authors consider a Hamiltonian 
isotopy, say $: T*Mx] — 1, T*M, homogeneous for the M"'"-action 
on T*M. We can see its graph as a conic Lagrangian submanifold 
of T*{M X Mx] — The authors prove that this graph admits 

a quantization and they deduce a new proof of a non-displaceability 
conjecture of Arnold and results on non-negative isotopies. 

1.1. Sheaf of microlocal germs. Let us explain the results of the 
first part of this paper. Let S* be a subset of T*M. Following [7j we 
denote by D|(kjv/) the full triangulated subcategory of D^(kM) formed 
by the F such that SS(F) C S. We let D^(kA/;^) be the quotient 
D'^{\lm) l^%*M\s^^)- denote by D^^^(kM) the full triangu- 

lated subcategory of D^{\^M) formed by the F such that SS(F)nfi C S", 
for some neighborhood Vt of S. Let A be a locally closed conic subman- 
ifold of T*M. We define the Kashiwara-Schapira stack of A, denoted 
(5(kA), as the stack associated with the prestack (3° given as follows. 
For Aq open in A the objects of ©° (Aq) are those of □^'^^^(kA./). The 
morphisms between two objects F, G are 

Homeo (Ao)(F, G) := HomDb(k,,;Ao)(F, G). 

Our main result in the first part is that 6(kA) is equivalent to a stack 
of twisted local systems on A. We prove it in the three main steps de- 
scribed below. For p G A we have the Lagrangian subspaces of TpT*M 
given by Xa{p) = TpA and \o{p) = Tp7r~%(p), where ir: T*M — )■ M is 
the projection. Let a: Cm T*M be the Lagrangian Grassmannian 
of T*M and let [/a be the open subset of £m|a formed by the / which 
are transversal to \\{j>) and Ao(p), where p = <j{l). 
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Our first step is the definition of a functor 

ruA-. D{'A)(kM) ^ D^(kf/J. 

We call m\{F) the sheaf of microfocal germs of F. To explain the 
definition of m\{F) we first recall that SS(F) is the closure of the set 
of p = (x; ^) satisfying: there exists ip-.M^K. with dip^ = ^ such that 
(Rr<^>oF)^ ^ 0. We assume that F G □('^^(kA/) and p e A. We set 
/ = TpA^, where = {{x;d(px)}. It is proved in [7] that, if / G Ua, 
then (RT^>oF)x only depends on /. We set m\^i{F) = {RT^>qF)x- It 
is also proved in [7] that all m\^i{F), for I E U\, are isomorphic, up 
to a shift given by the Maslov index. If mj>^i{F) is concentrated in 
one degree, then F is said pure along A. If ■mj>^ i{F) ~ k[(i] for some 
(i G Z, then F is said simple along A. We prove that it is possible to 
define mx{F) G D'^(k[/^) with stalks m\^i{F) and with locally constant 
cohomology sheaves. We let DL(k[/^) be the stack associated with the 
subprestack of D^(kc/^) formed by the complexes with locally constant 
cohomology sheaves. Then we obtain a functor ttia : 6(kA) — >■ DL(k;7^). 

The second step is to understand the link between the m\{F)\u for 
the different connected components U of [/a- We let Up^ be the fiber 
product of U\ over A, n times. If / C [l,r2] is a set of indices, we 
let qj: U'l ^ f/|^' be the projection to the corresponding factors. We 
introduce the Maslov sheaf of A, A^a G DL(k^2), obtained as A^a = 
itI(/(/Ca), where f/ is a neighborhood of the diagonal of A x A and 
/Ca G ©(k^) is a canonical object defined on U . For (/, /') G Uj^ we can 
see that (A^a)(;,f) — '^[d], where ci G Z is given by some Maslov index 
associated with (/,/'). Moreover we have isomorphisms 

® (h^MA ^ q^a AIa and Ma ® q2^xaiy{F) ^ q-^^m^i^F), 

for any F G ©(kA), which satisfy natural commutative diagrams. In 
particular, for any p G A and any connected components U,V d U\r\ 
o-'^ip) the restriction ViXiy{F)\u determines mi^{F)\v. We introduce 
the stack Gmgi}^A) of pairs {L,u), where L G DL(k(7^) and u is an 
isomorphism A^a ® q2^L qi^L satisfying the same diagram as 
\x\.\{F). Then we prove that m.A induces an equivalence : ©(kA) 

©m5(kA)- 

The third step is a description of the monodromy of xnx{F). Let / G 
U\ and set p = Since / is transversal to \o{p) and \a{p) we have 
a decomposition TpA ^ I Q) \a{p)- It gives a projection TpA — )■ Aa(p) 
whose restriction to Xo{p) is an isomorphism. We obtain in this way an 
isomorphism Up{l) : Xo{p) X\{p). For a vector space E of dimension 
n we set = E ® A^E. Then E^ is canonically oriented. Let Xa be 
the fiber bundle over A with fiber the space of orientation preserving 
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isomorphisms Iso^(Ag (p), Aj(p)). Then / t-j- Up{l) © A"Mp(/), where n 
is the dimension of M, gives an embedding 

The fiber of Xa is isomorphic to G'L^_,_^(]R). It is well-known that the 
fundamental group of GL^_^i(M) is Z for n = 1 and Z/2Z for n > 1. 
Hence it has a canonical morphism, say e, to Z/2Z. We also have an 
obvious morphism Z/2Z — )■ k^, the multiplicative group of k. Compos- 
ing these morphisms we define e': 7ri([/An(T~^(p)) — k^, for any given 
p G A. We prove that the monodromy of mA(-F) along a loop 7 is the 
multiplication by £'(7). Since the stalks mA{F)i are independent of /, 
up to shift, we deduce the existence of Lp G DL(Xa,p) such that, for any 
connected component ?7 of ?7a H (J~^{p) there exist du & and an iso- 
morphism mA{F)\u — Lp\i^^(^u^[du]- We also prove the following global 
version of this result. If the Maslov class of A is zero and F is simple, 
then there exist L G DL(Xa) such that, for any connected component U 
of Ua there exist du & 1^ and an isomorphism mA{F)\u — L\i^^(^u)[du]- 
In the case of the Maslov sheaf we deduce that there exists a local 
system Ca on Xa XaXa, with stalks k and monodromy given by e, such 
that 

Ma\u ^ iul'C.AlulT'u] 

for all connected component U oi U^, where tu is given by the Maslov 
index. Moreover the isomorphism q5~2^A^A ® 'hs-^A ^rs^-^A ex- 
tends to a similar isomorphism for Ca- Using this we can make the 
link between mA{F) and L canonical. It remains the problem of choos- 
ing the shifts du, but this is solved by pull-back to a covering of A. 
Our final result is the following. Let r: A — )■ A be the covering of A 
corresponding to the Maslov class and let p: r*XA — )■ A be the projec- 
tion. Then r~^{&{\iA)) is equivalent to the substack of p^,DL(kr*x^) of 
objects with monodromy e. In particular if the Maslov class of A is 
and the image of rw2{^) G H^{K; (Z/2Z)a) (see Definition [83]) in 
H^{A; h^) is 0, then (5(kA) admits a global simple object. 

1.2. /i-sheaves. Now we describe the second part of this paper, where 
we construct a prestack of categories on the base with morphisms given 
by sections of fihom outside the zero-section, where fihom is Sato's 
microlocalization functor (recalled in section |2]). We assume that our 
manifold is of the form M x M. We let {t; r) be the coordinates on T*]R 
and, for an open subset U C MxM, we set T*^qU = {T*Mx{{t; r); r > 
0}) n T*U. For F G D^{ku) we set S'S(F) = SS(F) n f*U. We denote 
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by D^^Q(kf/) the full subcategory of D'^(kf/) formed by the F such that 

ss(F) c r;>of/. 

We will define a prestack of triangulated categories on M x M denoted 
U I—)- D^(k^), together with a functor of prestacks "^u- ^t>o0^u) 
D^{k'^) such that for all F,G E D^>o(kr/) we have 

HomDb(kM)(^c;(F),^c;(G)) ~ H\f*U;fihom{F,G)). 

Moreover any F G D^(k^) is locally isomorphic to some "^viG). The 
category D^(kfj) is intermediate between D^(ku; T*^^!/), which is used 
to define (3(kA), and D^(ku), which is the category where we want to 
obtain our quantization of A. 

For any F G D^(kf)) and any relatively compact open subset V G U 
there exist Eq > and "restrictions" F^ G D*^(ky), for e e]0,eo[. We 
have SS{{^u{F))e) C S'S(F) U T,'(SS(F)), where T; is the translation 
T^{x,t; C,,t) = {x,t + e;C,,T). We have a gluing property in D^(k|^): 
let U = [J.gj Ui be an open covering, let Fi G D^(k^,) and let Fi\u-. ~ 
Fjlu-. be isomorphisms, for all i,j G /, satisfying the cocyle condition. 
If Hom(Fj, = for alH G / and all d < 0, then we can glue the 

Fi's into F G D'^(k^). 

Now we give some details on the functor and the category D^Ck^). 
One problem when we want to glue simple sheaves is that two non 
isomorphic simple sheaves in D^(kMxiR) may represent the same object 
in (3(kA). For example we consider A = {(x,0;0,r); r > 0}, F = 
kMx[o,+oo[ and G = kMx]-oo,o[[l]- The microsupports of F and G are 
contained Tli^j^{M x M) U A, F and G are isomorphic in (3(kA), but 
not in D^(kA/xiR). However their convolutions with k[o.e[ are isomorphic: 
F * k[o_e[ ~ G k[o,e[ ^ kjv/x[o,e[- The convolution is defined for F G 
D^(kMxM) andF' G D^(kK) by F.^F':=Rs!(FKF'), where s: MxR^ ^ 
MxM is the sum (x, i— ?■ {x,t+t'). This is a general fact: for F, G G 
D^>Q(kMxM), if -f" and G are isomorphic in D^(kMxR; T*(M x R)), then 
F -k k[o,£[ c:^ G -k k[o,£[. The idea is to introduce the category of sheaves 
which are of the form F ^ k[o,e[. If F G D^(ku) for f/ C M x R, then 
F*k[o,e[ is only defined over U fl Te^U). Hence we have to consider all 
e > at once. We define a functor "ifu: D^{ku) — )■ D''(k{7x]o,+oo[) by 
^f;(F) = F^k^, where 7 = {{t,u) G Rx]0,+cx)[; <t < u}. Then 
D^(kj^) is the category of "boundary values" of sheaves on f/ x R which 
are locally of the form \E'v'(F), for V open in U and F G D^^Q(ky). 

1.3. Quantization. In the last part of the paper we built a quanti- 
zation of a closed conic Lagrangian A C T*^q{M x M) satisfying some 
topological assumptions and we deduce that the projection A — )■ M is 
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a homotopy equivalence. We assume that A/]R>o is compact and that 
the map T*^q{M x M) T*M, {x,t;C,,T) ^ {x;^/t) gives an immer- 
sion of A/M>o in T*M (then A can be recovered up to translation from 
its image in T*M which is a compact exact Lagrangian submanifold) . 
Then, for a given pure global object G G ©(Ica), we prove that there 
exists F G D^(kMxR) such that SS(F) = A outside the zero-section and 
F is mapped to G by the obvious functor from D^^^(kMxR) to ©(Ica). 
We call this F a quantization of G. We recall that the existence of a 
global object G is treated in the first part of the paper. 

We first prove the existence of F' G □'^(k^.^^jg) with microsupport 
bounded by A and which represents G. We proceed as follows. By the 
main result of [3] we can move A by a Hamiltonian isotopy and assume 
that the projection A/R>o — M x M is finite. We can find a finite 
open covering A = [j^^j Aj and open subsets Ui C M x M. such that Aj 
is a connected component of AnT*[/j and there exists F° G D^^.^(k{7-) 
which is simple along Aj. Since A/M>o — ^ M x M is finite, we can in fact 
assume that SS(i^°) C Tl^^^{M x M) U A^. Then G|a, is represented 

by Fi = F^ ^Li, where Lj is some local system on Ui, up to some shift. 
Since G is pure we have fihom{Fi, Fj)\f,^,, ~ ('Home(kA)(G', G))Aij, for 
all i,j G /. Denoting by uji G fj,hom{Fi, Fj) the image of idc, we have 
Ukj o Uji = Uki- Then we can glue the F/ := \E^c/.(Fj) and we obtain 

F'GD^>o(k^), where f/ = Ue/t^- 

Then we deduce from F' a representative of G in □'^(k^/xR), as 
follows. The restriction of F' along M x M x {e}, for e small enough, 
gives F'^ which can be extended by as an object of D^(kA/xK) and 
satisfies SS(F^') = A U Tj,'(A) outside the zero section. This is almost 
our quantization but the microsupport contains an extra part T'^{A.). 
We can move this part away as follows. We can find a Hamilonian 
isotopy 0: T*(M x M) x M ^ T*(M x M) such that, for all s G [0, +oo[, 
we have 0<i(A) = A and (psiT'^^Iy)) = Tg'_,_^(A). By the main result 
of [3] we can quantize (j) and compose the resulting kernel with F^. 
We obtain F, G D'^(kMxM) such that SS(F,) = A U T^+M)- ^^i s 
big enough there exists a G M such that A C T*(Afx] — oo,a[) and 
7;'+,(A) C r*(Mx]a,+oo[). Then ® kA/x]-oo,a[ can be extended by 
a locally constant sheaf over M x [a, +oo[ and gives the representative 
F of G that we were looking for. 

Now, using standard properties of the microsupport, we can prove 
the following isomorphism. Let G, G' G 6(kA) be pure objects and let 
F, F' G D^(kAf xr) be the quantizations of G, G' obtained by the above 
procedure. By construction F|jv/x{t} — for t <^ 0. We can also see 
that, for t ^ 0, F\Mx{t} is independent of t and is a local system on 
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M. We set L = F\Mx{t}, L' = F'\Mx{t}, ioi t ^ 0. Then we have 

RHom(L,L') ^ RHom(F, F') ^ RT{A;nom6(k^){G,G')). 

The "Horn sheaf in &(}<.\) is in fact a local system on A. Hence we 
obtain an isomorphism between the cohomology of some local systems 
on M and corresponding local systems on A. We can use it to prove 
that M and A have the same cohomology. We can also see that there 
exists a unique F G D^(kMxR) such that SS(F) = A outside the zero 
section, F\Mx{t} — for t -C and F\Mx{t} — for t ^ 0. Using this 
F we can show that the quantization procedure induces an equivalence 
between local systems on M and local systems on A, proving that M 
and A have the same homotopy groups. 

Acknowledgment. The starting point of this paper is a discussion 
with Claude Viterbo. He explained me how to construct a quantization 
in the sense of this paper using Floer cohomology and asked whether it 
was possible to obtain it with the methods of algebraic analysis. Masaki 
Kashiwara gave me the idea to glue locally defined simple sheaves under 
the assumption that the Maslov class vanishes. I also thank Pierre 
Schapira and Nicolas Vichery for many stimulating discussions. 

2. MiCROLOCAL THEORY OF SHEAVES 

In this section, we recall some definitions and results from [7], fol- 
lowing its notations with the exception of slight modifications. We 
consider a real manifold M of class C°°. 

Some geometrical notions §4.2, §6.2]j. For a locally closed subset 
A of M, we denote by Int(y4) its interior and by A its closure. We 
denote by Am or simply A the diagonal of M x M. 

We denote by ttm ■ T*M M the cotangent bundle of M. If C M 
is a submanifold, we denote by T^M its conormal bundle, which is 
naturally a fiber bundle over and a submanifold of T*M. We identify 
M with Tl[M, the zero-section of T*M. We set f*M = T*M \ Tl^M 
and we denote by ttm : T*M — )■ M the projection. For any subset A of 
T*M we define its antipodal A" = {(x; e T*M; (x; -() E A}. 

Let /: M — )■ A^ be a morphism of real manifolds. It induces mor- 
phisms on the cotangent bundles: 

T*M <^ M Xn T*N ^ T*N. 

Let A^ C M be a submanifold and A G M any subset. We denote 
by Cn^A) C TnM the cone of A along A^. If M is a vector space and 
Xq G A^, then C^iA) fl T/v^^-qM is the image in T^^^^^M of the union of all 
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lines which can be obtained as a hmit of hnes {xo,Xn), where {xn}nm 
is a sequence in A \ {xq} with x„ — Xq. If A, B are two subsets of M, 
we set C{A,B) = Ca.M x B). Identifying Ta„(M x M) with TM 
through the first projection, we consider C{A, B) as a subset of TM. 

The cotangent bundle T*M carries an exact symplectic structure. 
We denote the Liouville 1-form by aM- It is given in local coordinates 
by aM = J^i^idxi- We denote by H : T*T*M ^ TT*M the 
Hamiltonian isomorphism. We have H{dxi) = —d/dC,i and H{dC,i) = 
d/dx,. Following [7] we usually identify T*T*M and TT*M by -H. 

Microsupport. We consider a commutative unital ring k of finite global 
dimension {e.g. k = Z). We denote by Mod(k) the category of k- 
modules and by Mod(kA,/) the category of sheaves of k-modules on 
M. We denote by D(kM) (resp. D'^(kj\/)) the derived category (resp. 
bounded derived category) of Mod(kAf). 

We recall the definition of the microsupport (or singular support) 
SS(F) of a sheaf F, introduced by M. Kashiwara and P. Schapira in [5] 
and [B]. 

Definition 2.1. (see [3 Def. 5.1.2]) Let F e D^(kM) and let p e T*M. 
We say that p ^ SS(F) if there exists an open neighborhood U of p 
such that, for any Xq G M and any real C^-function on M satisfying 
d(j){xo) G U and 0(xo) = 0, we have (Rr{^.^(a.)>o}(F))^o ~ 0. 
We set SS(F) = SS(F) nT*M. 

In other words, p ^ SS(-F) if the sheaf F has no cohomology sup- 
ported by "half-spaces" whose conormals are contained in a neigh- 
borhood of p. The following properties are easy consequences of the 
definition. 

- The microsupport is closed and M"''-conic, that is, invariant by 
the action of (M+, x) on T*M. 

- SS(F) n TIjM = 7rM(SS(F)) = supp(F). 

- The microsupport satisfies the triangular inequality: if Fi — )■ 

F2 — -F3 is a distinguished triangle in D^(kA,/), then SS(Fj) C 
SS(Fj) U SS(Ffc) for all k e {1, 2, 3} with j ^ k. 

Example 2.2. (i) If F is a non-zero local system on a connected 
manifold M, then SS(-F) = T^jM, the zero-section. Conversely, if 
SS(-F) C T^M, then the cohomology sheaves W{F) are local systems, 
for all z G Z. 

(ii) If is a smooth closed submanifold of M and F = kisf, then 

ss(F) = t;^m. 
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(iii) Let (f) be C-^-function with d(j){x) ^ when = 0. Let U = 
{x e M; > 0} and let Z = {x e M; > 0}. Then 

SS(k[7) = U XMTliMU{{x;\d(l){x)); (pix) = 0, A < 0}, 
SS{kz) = Z Xa/TX^MU {(x; A#(x)); (p{x) = 0, A > 0}. 

(iv) Let A be a closed convex cone with vertex at in = M". Then 
SS(kA) n To*R" is the polar cone of A, that is, X° = e E*; {v, ^) > 
for all V e E}. 

Notation 2.3. For a subset S of T*M we denote by D|(kAf) the full 
triangulated subcategory of D^(kA/) of the F such that SS(F) C S. 
We denote by D^{kM]S) the quotient of D^(kAf) by D^,j^j^g{kM). If 
p G T*M, we write D^(kM;p) for D^(kA/; {p}). We denote by Dj'g)(kA/) 
the full triangulated subcategory of D^(kA/) of the F for which there 
exists a neighborhood f2 of S" in T*M such that SS(F) H f2 C S*. 

Functorial operations. Let M and be two real manifolds. We denote 
by Qi = 1; 2) the z-th projection defined on M x and hj pi {i = 1, 2) 
the i-th projection defined on T*(M x A^) ~ T*M x T*N. 

Definition 2.4. Let f:M N he a. morphism of manifolds and 
let A C T*N be a closed M'^-conic subset. We say that / is non- 
characteristic for A if f^\A) n T*jN C M x^ r;^A^. 

A morphism f : M ^ N is non-characteristic for a closed ]R"^-conic 
subset A of r*A^ if and only if fa: M T*N T*M is proper on 
f~^{A) and in this case /^/"^(A) is closed and ]R~'^-conic in T*M. 

We denote by ojm the dualizing complex on M. Recall that um is 
isomorphic to the orientation sheaf shifted by the dimension. We also 
use the notation um/n for the relative dualizing complex ujM®f~^^%~'^- 
We have the duality functors 

(2.1) Da/(-) = R^om(-,a;Af), D;,( • ) = R^om( • , kM). 

Theorem 2.5. (See [3, §5.4].) Let f : M ^ N he a morphism of 
manifolds, F e D^(kA/) and G e □''(k^v). Let qi: M x N ^ M and 
q2: M X N ^ N be the projections. 

(i) We have 

SS(FiG) C SS(F) X SS(G), 
SS{KHom{q^^F,q2^G)) C SS(F)" x SS(G). 

(ii) We assume that f is proper on supp(F). Then SS(R/iF) C 
/./.-'SS(F). 
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(iii) We assume that f is non- characteristic with respect to SS(G). 
Then the natural morphism f^^G ujm/n ~^ f'{^) ^■^ ^■5^" 
morpMsm. Moreover SS{f-^G) U SS(/'G) C fdf-^SS{G). 

(iv) We assume that f is a submersion. Then SS{F) C M X]sfT*N 
if and only if, for any j G Z, the sheaves H^{F) are locally 
constant on the fibers of f . 

For the definition of cohomologically constructive we refer to [71 §3.4]. 

Corollary 2.6. Let F,G e D*^(kA/). 

(i) We assume that SS(F) n SS{GY C T*^M. Then SS(F d) G) C 
SS(F) + SS(G'). 

(ii) We assume that SS(F) n SS(G') C T^jM. Then 
SS{R'Ham{F,G)) C SS(F)'^ + SS(G). Moreo?;er, assnmmt/ that 

L 

F zs cohomologically constructive, the natural morphism D'F® 
G KHomlF, G) is an isomorphism. 

The next result follows immediately from Theorem 12.51 (ii) and Ex- 
ample 12.21 (i). It is a particular case of the microfocal Morse lemma 
(see [3 Cor. 5.4.19]), the classical theory corresponding to the constant 
sheaf F = Icm- 

Corollary 2.7. Let F e D^(kM), let (j): M ^ R be a function of 
class G^ and assume that (p is proper on supp(-F). Let a < 6 m M 
and assume that d(j){x) ^ SS(-F) for a < 4>{x) < b. Then the nat- 
ural morphisms Rr(0~-'^(] — oo, b[);F) — )■ Rr(0~-'^(] — oo,a[);F) and 
Rr^-i([b,+oo[)(M; F) RT^-ma,+oc>[){M;F) are isomorphisms. 

Here we only explained the proper and non-characteristic cases but 
more general results can be found in [7j. In particular we will use 
the following generalization of Corollary 12.61 (ii). For two closed conic 
subsets A,B C T*M we set 

A + B = 7^M,.^lh{-H-\G{A, B^))), 

oo ' 

A + B = {A + B)U{A + B). 

oo 

Theorem 2.8. (See [3 Cor. 6.4.5].) Let F,G e D^(kM). Then 
SSiKHomiF, G)) C SS(F)" + SS(G). 

Microlocalization. Let be a submanifold of M. Sato's microlocal- 
ization is a functor fi^'- D^(kM) — ?■ D^ikx^M)- We refer to [7] for the 
definition and the main properties. When is closed in M we write 
fiN for RjifiN, where j is the embedding of T^M in T*M. We let 
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iM- M — )■ T*M be the inclusion of the zero section. Then, for any 
F e D^(kM) we have 

(2.2) RiTM.fiNiF) ^ illliN^F) ^ Rr^(F), 

(2.3) R^lM\^lN{F) ~ i\^^N{F) ~ F (g) ujn\m, 

and we deduce Sato's distinguished triangle (triangle (4.3.1) in [7]): 

(2.4) F ® UN\M ^ Rrjv(F) ^ R7rM*(/i7v(F)lt*A./) ^ • 

We recall the definition of the bifunctor nhom, which is a variant of 
the microlocalization introduced in [7]. Let the diagonal of M x M. 
Let gi, g2 : M X M M be the projections. We identify T^^^{M x M) 
with T*M through the first projection. For F,G ^ □'^(k*/) we have 

(2.5) fihom{F,G)=fiAA^'Hom{q^'F,q[G)) G D^kr^M)- 

For a submanifold of M we have fiN{G) ^ fihom(\<.N , G) , for any 
G G D^(kM). The formulas (E^D and (E3D give 

(2.6) R7rM*/i/iom(F, G) ~ KHom{F, G), 

(2.7) R7rM!/i/iom(F, G) ~ 5;^/R?/om(g2^iF, gf^G), 

where 5m'- M ^ M x M is the diagonal embedding. If F is cohomo- 

logically constructible, then d^lWHom^q^^ F, li^G) ^ E)'(-^) ® G and 
Sato's distinguished triangle gives 



(2.8) D'(F) ® G ^ R?/om(F,G) ^ R7rM*(/i/iom(F, G)|^. 



+1. 



M) 



Proposition 2.9. (Cor. 6.4.3 of [7].) Lei F, G G D^(kM). Then 

(2.9) supp /i/iom(F,G) C SS(F) n SS(G), 

(2.10) SS(/i/iom(F, G)) C -if~^(G(SS(G), SS(F))). 



3. The Kashiwara-Schapira stack 

We follow the notations of [Zl §7.5]. Let M be a manifold of dimen- 
sion n. We introduce the Kashiwara-Schapira stack of a general locally 
closed subset A of T*M. In the first part of the paper we only consider 
the case where A is a locally closed conic Lagrangian submanifold of 
T*M. However Theorem 115.21 makes sense also when M is an analytic 
manifold and A is a subanalytic locally closed conic Lagrangian subset 
of T*M (perverse sheaves are examples of objects satisfying hypothe- 
sis (ii) of the theorem). 
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3.1. Definition of the Kashiwara-Schapira stack. We will use the 

categories associated with a subset of T*M introduced in Notation 12.31 

Definition 3.1. Let A C T*M be a locally closed conic subset. We 
define a prestack on A as follows. Over an open subset Aq of A the 
objects of 6a(Ao) are those of □['^^^(kM). For F,G e 6a(^o) we set 

Homgo (Ao)(i^, G) := HomDb(k,,;Ao)(F, G). 

We define the Kashiwara-Schapira stack of A as the stack associated 
with ©A- We denote it by ©(kA) and, for Aq C A, we write ©(kA^) 
instead of ©(kA)(Ao). 

We denote by S\ : D^^^(kjvf) ©(kA) the obvious functor. However, 

for F G D^^^(kj\/), we often write F instead of Sa{F) if there is no risk 
of ambiguity. 

Several results in Part [T]make a link between ©(kA) and stacks of 
the following type. 

Definition 3.2. Let X be a topological space. We let DL'^(kx) be the 
subprestack of U ^ D^(k^), U open in X, formed by the F e D^{ku) 
with locally constant coho mo logically sheaves. We let DL(kx) be the 
stack associated with DL°(kx). We denote by Loc(kx) the substack of 
Mod(kx) formed by the locally constant sheaves. 

We remark that DL(kx) is ony a stack of additive categories (the 
triangulated structure is of course lost in the "stackification"). How- 
ever the cohomological functors if*: D^(k{/) — )■ Mod(kc7) induce func- 
tors of stacks H^: DL(kx) Loc(kx) and the natural embedding 
Mod(kf;) ^ D^(kc7) induces Loc(kY) ^ DL(kx). 

When A is a locally closed conic Lagrangian submanifold of T*M, 
our main result on ©(kA) is Theorem 18 . 31 which says that it is equivalent 
to a stack of twisted local systems. 

3.2. Link with fihom. For Q C T*M, we recall the link between the 
morphisms in D^(\<.m',^) and the sections of fihom. We recall that a 
morphism u: F ^ G in D^(kM; Q) is represented by a triple {F', s, u') 
with F' G D^(kM) and 

Fi^F' ^G 

such that the L defined (up to isomorphism) by the distinguished tri- 
angle F' 4 F ^ L A satisfies Q n SS(L) = 0. By ([21]) we see that 
s induces an isomorphism fihom{F, G)\n fihom{F',G)\n. On the 
other hand (12.61) gives a morphism Hom(F', G) H^{Q; iihom{F', G)). 
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Hence u' induces an element in H^{Q] fihom{F, G)). Finally we obtain 
a well-defined morphism 

(3.1) HomDb(k„.n)(F,G) ^ H\n; fihom{F,G)\n). 

Theorem 3.3. (Theorem 6.1.2 of [7].) Ifn = {p} for some p G T*M, 
then (13. ip is an isomorphism. 

For F,G,H G D^(kj\/) we have a composition morphism (see [3 
Cor. 4.4.10]) 

(3.2) ^hom{F, G) ® ^hom{G, H) ^hom{F, H). 

It is compatible with the composition morphism for KT-Lom through 
the isomorphism KT-LomlF, G) ~ K7TM*fJ'hom{F, G). Hence for a given 
open subset Q of T*M the morphism induced by (13. 2p on the sections 
over Q is compatible with the composition in D^CkM', ^) through (13. ip . 

It follows from Theorem (13. 3p that the sheaf associated with Q i— ?■ 
HomDb(k^^.f^)(F,G') is H^fihom{F,G), for given F,G e D^(kA/). We 
obtain an alternative definition of ©(kA): 

Corollary 3.4. Let A C T*M be as in Definition {3Ji We define a 
prestack &\ on A as follows. Over an open subset Aq of A the ob- 
jects of &\{Aq) are those o/ D|'^^-|(kA/). For F,G G (3j^(Ao) we set 
Homgi (-Ajj)(F, G) -.=11^ {Aq] fihom{F, G')|ao). The composition is induced 
by (13. 2p . Then, the natural functor of prestacks ~^ ®A induces an 
isomorphism on the associated stacks. 

Notation 3.5. For F,G & D^ih^) and sections a of fihom{F,G) and 
b of iihom{G, H), we denote by 6 o a the image of a (g) 6 by (13.21) . 

3.3. Pure and simple sheaves. For the remaining part of this section 
we assume that A is a locally closed Lagrangian submanifold of T*M. 
For a function ip: M — )■ M of class G°° we define 

(3.3) A^ = {(x; dip{x))] x G M}. 

We notice that A^p is a closed Lagrangian submanifold of T*M. For 
a given point p = (x; ^) G A fl A(p we have the following Lagrangian 
subspaces of Tp{T*M) 

(3.4) Ao(p) =Tp(T;M), Aa(p) = T,A, \^{p) = T,Ap. 

We recall the definition of the inertia index (see for example §A.3 in [7]). 
Let [E, a) be a symplectic vector space and let Ai, A2, A3 be three La- 
grangian subspaces of E. We define a quadratic form g on Ai © A2 © A3 
by g(xi, X2, X3) = a(xi, X2) + a(x2, X3) + (t(x3, Xi). Then te{Xi, X2, A3) 
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is defined as the signature of g, tliat is, p+ — p_, wliere p± is tlie number 
of ±1 in a diagonal form of q. We set 

(3.5) = Tp^^ = rTpr-A/(Ao(p), Aa(p), A^(p)). 

Proposition 3.6. (Proposition 7.5.3 of [7j.) Let yjo^V^i: M — )■ M 6e 
functions of class C°° , let p = (x;^) E A and let F e D^y^j(kM). We 
assume that A and A^^ intersect transversally at p, for i = 0,1. Then 
(Rr{^^>o}(F))^ is isomorphic to {RTy^>o}{F))^[^{T^,, - v)]- 

Definition 3.7. (Definition 7.5.4 of [7].) In the situation of Proposi- 
tion ES] we say that F is pure at p if (Rr{(pQ>o}(-F))^ is concentrated in 
a single degree, that is, (Rr{<^(j>o}(-F))z — L[d\, for some L G Mod(k) 
and (i G Z. If moreover L ^ k, we say that F is simple at p. 

If F is pure (resp. simple) at all points of A we say that it is pure 
(resp. simple) along A. 

We know from [7] that, if A is connected and F G D^j^s^ (kjw) is pure at 
some p G A, then F is in fact pure along A. Moreover the L G Mod(k) 
in the above definition is the same at every point. We will make this 
more precise in Part [T] 

Example 3.8. The generic situation is easy. We consider the hyper- 
surface X = X {0} in M = M'^. We let A = {(x, 0; 0, ^„); ^„ > 0} 
be the "positive" half part of T^M. We set Z = R""'^ x M>o. Let 
F G D\yjj,,^j^j(kM)- Then, there exists L G D^(k) such that the image 

of F in the quotient category D^(kM',T*M) is isomorphic to Lz- 

For any p G A we can find an integral transform that sends a neigh- 
borhood of p in A to the conormal bundle of a smooth hypersurface. 
Then, Theorem 7.2.1 of [7] reduces the general case to Example 13.81 
and we can deduce: 

Lemma 3.9. Let p = {x]C,) be a given point of A. Then there exist a 
neighborhood Aq of p in A such that 

(i) there exists F G □^'^^^(kjvf) which is simple along Aq, 

(ii) for any G G D^^^^(kA/) there exist a neighborhood Vt of Aq in 

L 

T*M and an isomorphism F ® Lm G in D (kj,/; ^2), where 
L G D^(k) is given by L = fihom{F,G)p. 

Definition 3.10. Let A C T*M be a locally closed conic Lagrangian 
submanifold. We let (3^(kA) (resp. (5'*(kA)) be the substack of 6(kA) 
formed by the pure (resp. simple) sheaves along A. 
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Let F,G e D{'^)(kM). By f ElD]) we know that fihom{F,G) has 
locally constant cohomology sheaves on A. Moreover, for a given p = 
(x; ^) G A we have 

(3.6) fihom{F, G)p ~ RHom((Rr{^„>o}(F)),, (Rr{^„>o}(G)).), 

where (fo is such that A and A^. intersect transversally at p (see Propo- 
sition [3]6]) . Hence, if F and G are simple along A (or F and G are pure 
along A and k is a field), then fihomlF, G) is concentrated in one de- 
gree. 

3.4. The canonical object on the diagonal. Let A be a locally 
closed Lagrangian submanifold of T*M. One question considered in 
the first part of this paper is to give conditions so that G(kA) admits 
a global object. We prove in this paragraph that ©(kAxA") admits a 
canonical object defined on some neighborhood of the diagonal 

(3.7) Aa = {(p,p'^);pgA}. 

Let X be a manifold and Y, Z two submanifolds of X. We recall that 
Y and Z have a clean intersection ii W = X (lY is a. submanifold of X 
and TW = TY fl TZ. This means that we can find local coordinates 
(^i! y,z,w) such that Y = {x = z = 0} and Z = {x = y = 0}. Using 
these coordinates the following lemma is easy. 

Lemma 3.11. Let X be a manifold and Y, Z two submanifolds of X 
which have a clean intersection. We set W = X HY . Then G{X, Y) = 
W XxTY + W XxTZ. 

Lemma 3.12. Let X be a manifold and Ai, A2 be two Lagrangian sub- 
manifolds off*X. Let Fl G Df'^^)(kx) and F2 G □['^^^(kx). We 
assume that Ai and A2 have a clean intersection and we set S = 
Ai n A2 . Then there exists a neighborhood U of E in T*X such that 
SS{fj,hom{Fi, F2)\u) C T^T*X , that is, fihom{Fi, F2)\u has locally con- 
stant cohomology sheaves on H. 

Proof We have SS(/i/iom(Fi, F2)) C -i/"i(C(SS(F2), SS(Fi))) by the 
bound (12.1 op . Let f/j be a neighborhood of Aj such that SS(Fj) fl f/j C 
Aj, i = 1, 2. Then U = Ui (1 U2 is a. neighborhood of S and we have 
-H-\C{SS{F2), SS(Fi))) n T*U C -H~'{C{A2,Ai)). 

Since Aj is Lagrangian we have — if~^(TAj) = T^,T*X, for i = 1,2. 
In particular — //~^(S Xr*jf TAj) C TiT*X and the result follows from 
Lemma 13.111 □ 

Let Aq be an open subset of A. Let C M x M be the diagonal. 
Let F G Dj'^^)(kM). Theorem E5] (i) gives D'F G □['^.^(kM). We have 
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= T^^^{M X M) n (Ao X Aq) and we deduce a morphism 

Hom(F, F) ~ Hom(a;A„|MxA/, F K D'F) 

^ ^°(Aao; /^/iom(a;A„|MxA./, F K D'F)). 

We denote by 6p G H^{Aj\,g] fJ'ho'm{ujj\j^j\MxM, F Kl D'F)) the image of 
idp by dll]). 

Proposition 3.13. Lei K he a locally closed Lagrangian submanifold 
off*M. Let Ao be an open subset of A. Let F,G,H e □['^^^(kM). We 
assume that F is simple along Aq. Then there exists a unique 

Sf,g e H\Aa,; fihom{F M D'F, G K D'G)), 

such that 6f,g°Sf = (where o defined in Notation \3.5\) . If G also 
is simple, then we have 6g,h ° Sf,g = Sf,h- 

Proof. We set for short Ap := fihom{uAn,f\MxM, F Kl D'F)) and B : = 
/x/iom(FKD'F,GKD'G). 

The intersection Aaq = ^a„(^ x M) n (Aq x Aq) is clean. Hence 
by Lemma [3.121 Ap and Aq are locally constant on Aaq. Since F is 
simple we deduce by (13. 6 p that A^? ~ ■'^Aao • The same argument shows 
that B is locally constant on Aq x Aq. By (13. 6p again the stalks of Aq 
and B are isomorphic. It follows that (■) o Sp gives an isomorphism 
Ag B and 6p^G is uniquely determined by 6g- 

The last formula follows from the unicity of Sp^a- D 

Corollary 3.14. There exists a neighborhood U of A\ in Ax A"" and 
/Caa <3*(k(7) such that, for any open subset Aq C A, 

(i) for any F G D^^^^^(kM), there exist a neighborhood V of A\^^ in 
A X A" and a canonical morphism in (5*(ky).- 

If: JCaAv ^ (saoxAs(F ^ D'F))|y, 

which is an isomorphism as soon as F is simple, 

(ii) for F,G & D^^^^(kAf) with F simple along Aq, there exists a 
neighborhood W of Aaq in A x A" such that Sp^clw ° 1f\w = 
7g\w- 

Moreover, for other ([/',/Ca,7^) satisfying (i) and (ii) there exist a 
neighborhood Ui o/ Aa m A x A" and a unique isomorphism 7: /Ca ~^ 
/Ca <3'^(k(7i) such that '~i'p\ui =70 7_f|(7i, /o?^ F as in (i). 

Proof. We can find a locally finite open covering A = Ujgj Aj and 
Fi G D^^_-j(kM) which is simple along Aj, for all i E L We set Gi = 
SA^xA-iFi^D'Fi) G 6^(kA,xA-)- By Proposition [3II3] and Corollary [Ml 
for any i, j G /, there exist a neighborhood U^^ of Aa^ in A x A° and an 
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isomorphism 6ij : Cj Gj in (3*(k(y2 ). Moreover, for i,j, k E I, there 

exists a neighborhood Uf^^, of Aa .j, in A x A'^ such that 5ik = Sjk o 6ij 
in 6^(k^3 J. 

Since the covering is locally finite we can find a neighborhood f/j 
of Aa, in a X A", for each i e I, such that Ui fl Uj C ?7j^- and Ui ft 
f/j n f/fc C t/j?-;,, for all i,j,k G /. Then, the Gi glue into an object 

Then (i) and (ii) follow from Proposition 13.131 The unicity follows 
easily from (i) and (ii). □ 

Part 1. Sheaf of microlocal germs 

4. Definition of microlocal germs 

We use the notations of [71 §7.5], in particular the notations (13. 4p 
and (13.51) . Let M be a manifold of dimension n and A a locally closed 
conic Lagrangian sub manifold of T*M. We let 

(4.1) aT*M:CM^T*M 

be the fiber bundle of Lagrangian Grassmannian of T*M. By defini- 
tion the fiber of Cm over p e T*M is the Grassmannian manifold of 
Lagrangian subspaces of TpT*M. We let 

(4.2) Cl,^T*M 

be the subbundle of Cm whose fiber over p G T*M is the set of La- 
grangian subspaces of TpT*M which are transversal to Ao(p). Then £^ 
is an open subset of Cm- For a given p G T*M we set ^ = Tt^j^j(p)M 
and we identify TpT*M with V x V*. We use coordinates (z/; r/) on 
TpT*M. Then we can see that any / G {C\j)p is of the form 

(4.3) l = {{v-r^)eTpT*M- v = A-u}, 

where A: V ^ V* is a symmetric matrix. This identifies the fiber 
{C^^j)p with the space of x ra-symmetric matrices. 

For a function if defined on a product X xY and for a given x G X 
we use the general notation ip^. = f\{x}xY- 

Lemma 4.1. There exists a function ip: C^j^ x M ^ W of class G°° 
such that, for any I G Cm with ar'ni}) = 

ipi{x) = 0, dipi{x) = ^, A^,(o-r*A/(/)) = /. 

Proof, (i) We first assume that M is the vector space V = M". We 
identify T*M and M xV*. For p = {x; ^) e M x V* the fiber (£^^)p 
is identified with the space of quadratic forms on V through (14. 3p . For 
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/ G {'C%)p we let qi be the corresponding quadratic form. Now we 
define (po by 

^oil, y) = {y - x;0 + \ qi{y - x), where (x; = o-T*Af(0- 

We can check that ipo satisfies the conclusion of the lemma. 

(ii) In general we choose an embedding i: M ^ X := M^. For a given 
p' = (x;^') e M xx T*X the subspace Tp,{M Xx T*X) of TpiT*X is 
co-isotropic. The symplectic reduction of Tp/T*X by Tpi{M Xx T*X) 
is canonically identified with TpT*M, where p = id{p')- The symplectic 
reduction sends Lagrangian subspaces to Lagrangian subspaces and we 
deduce a map, say Vpi : Cx,p' i^M,p- The restriction of r^/ to the set 
of Lagrangian subspaces which are transversal to Tpi{M Xx T*X) is 
an actual morphism of manifolds. In particular it induces a morphism 
: ^x,p' ~^ ^%i,p- We can see that r°, is onto and is a submersion. 
When p' runs over M Xx T*X we obtain a surjective morphism of 
bundles, say r: 

I~'X\M>CxT''X ^ -L-M 

M XxT*X ^^T*M. 

We can see that r is a fiber bundle, with fiber an affine space. Hence 
we can find a section, say j: — C\. For G C\j x M we set 
(p{l,x) = (pQ{j{l),i{x)), where (po is defined in (i). Then (p satisfies the 
conclusion of the lemma. □ 

We come back to the Lagrangian submanifold A of T*M. We let 
(4.4) f/A C CUa 

be the subset of consisting of Lagrangian subspaces of TpT*M 

which are transversal to Xa{p). We define a a = o-t*m\ua = 
ttmIa o (7a- 

U, : 




M. 

We note that Ua is not a fiber bundle over A but only an open subset 
of jC^jIa- However, for a given p G A, we will use the notation 

(4.5) UA,p = a]^\p). 
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We also introduce a notation for the graph of tm and the natural "half- 
line bundle" over it: 

(4.6) /a C f/A X M, /a = {(/, tmW); / e Uk], 

(4.7) Ja C t*(f/A X M), Ja = {(/,x;0,AO; (x;O = ^a(0,A>0}. 

Definition 4.2. We let 7a be the space of functions y?: [/a x M M 
of class such that, for any I e [/a with cta(/) = (a;; 0? 

(y9i(x) = 0, dLpi{x) = ^, A^^(a-A(0) = ^• 

Lemma 4.3. For any (f eT\ and any Iq G Ua we have 

^(/o,rM(/o)) = 0. 

Proof. For a given /q and (a;o;^o) = crA(^o), we have the transpose 
derivatives of tm, a\, hm- 

TM,,: T:M ^ T,;([/a), aA,,: r(;.^^^„)A ^ T;^(f/A), 

By definition we have (/?(/, tm{1)) = for all / G ^/a- By differentiation 
we obtain 

-^{k,xo) = tm4{^{Io,xo)) = TM,d{xo;^o) = o-A,d(7rM|A)d(a;o;^o)- 

We remark that TTM,d{xo] ^o) is the Liouville 1-form at {xq; ^q). Since A 
is conic Lagrangian it vanishes on A and (vta/ |A)d(3^o; ^o) = 0. □ 

Lemma 4.4. Let X be a manifold and p: E ^ X a fiber bundle over 
X . Let Yi,Y2 G E be two submanifolds of E and set Yj^ = Fi fl M^e 
assume that Y3 is a submanifold, that ply^: ^ X is a submersion 
and that, for any x E X , the submanifolds Yi \^p~^{x) and Y2 P[p~^{x) 
have a clean intersection. Then Yi and Y2 have a clean intersection. 

Proof. We have to check that TyY^ = TyYi r\TyY2, for all y G F3. Since 
this is a local problem we can write E = X x F and y = {x, z). We set 
Fi = Yi np~^{x) C F. By hypothesis the projection TyY^, — )■ T^X is 
onto, hence a fortiori TyYi T^X, i = 1,2. We deduce T^Fj = TyYi H 
({0} X T,F). Let V = {v^, v,) G T^X x T,F be in TyYinTyY2. Since ply^ 
is a submersion we can find Wz G T^Fs such that w = {vx, Wz) G TyY^^. 
Then v — w = {0,Vz — Wz) G TzFinTzF2. By hypothesis Vz — Wz G T2F3 
and it follows that v G TyY^. This proves the lemma. □ 

For a function y?: M — )■ M of class C°° we have introduced the La- 
grangian submanifold A^^ in (13.31) . We also define 

(4.8) A' = {{x; A ■ dif{x)); x G M, A > 0, if{x) = 0}. 
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Since ip "^(0) is smooth at the points where dip is not zero, n T*M 
is a locally closed conic Lagrangian sub manifold of T*M. 

Proposition 4.5. For any G 7a there exists a neighborhood V of I/<^ 
( defined in (14.61) ) in Ua x M such that 

(i) SS(Vi([o,+oo[)) n f*V = n f*V is a suhmanifold off*V, 

(ii) {T*^Ua X A) n A'^ n t*1/ = Ja, with J a given m fHTTD . 

(iii) {TIjJJa X A) n t*V and A^ n T*1/ have a clean intersection. 

Proof, (a) For a given I & Ua, the manifolds A<^, and A have a transverse 
intersection at o-a{1) = {xi;^i). Hence we can find a neighborhood Vi 
of Xi in M such that: 

(a-i) SS(k^-i(p^+^[)) n t*V^ = A;^ n r*y, is a submanifold of t*l^, 

(a-ii) Aha;, nt*y, = M>o-aA(/), 

(a- iii) A n T*V; and A'^^ fl T*Vi have a clean intersection. 

The assertion (a-i) follows from Example 12.21 (iii). the assertions (a-ii) 
and (a-iii) from the transversality of A^^ and A. We can also assume 
that V := LI«e(7A'i^J' ^ ^« is a neighborhood of Ja in Ua x M. 

(b) Let ((/; 0), (x; 0) G {T*^Ua x A)nf*V. If ((/; 0), (x; 0) G A^, then 
(x;0 e AnA'^^nT*Vl. Hence, by (a-ii), ((/;0), (x;0) e Ja- Conversely, 
Lemma l473l implies Ja C T^jJJa x A and we deduce (ii). 

Now (iii) follows from (a-iii) and Lemma Hl4l applied to E = T*{Ua x 
M),X = Ua, Y, = {T*JJa x A) and 1^2 = n f*V. □ 

Theorem 4.6. Letip ^Ta and let F G D['^)(kAf). Let qi: UaX M ^ 

Ua and Ua x M ^ M be the projections. We set 

Af^^F = (Rr^-i([o,+oo[)(92'^-^))/A G D'^(k;7^xM)- 

Then there exists a neighborhood V of I a in Ua x M such that 

(i) f*Vnsnpp{M^^F) C Ja andSS{M^,F\f*y) C T}^T*{UaX M), 

(ii) R7rv*iM^,F\f-'v) -■^'p,f, 

(iii) SS{Rqi,Af^,F)cTlj^UA, 

(iv) for any I e Ua we have {RquAf^,F)i ^ (Rr^-i([o_^^[)(F))^, 
where x = tm{1)- 

Proof, (i) We take the neighborhood V given by Proposition 14.51 Then 
the result follows from Proposition 14.51 and Lemma 13.121 

(ii) Sato's triangle (12.81) gives 

D'(k^-i([o,+oo[)) ® q2^F ® kj^ Af^^F Rt^UaxmSM^^f)ia ^ • 
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By definition dip does not vanish in a neighborhood of /a- Hence (y9~^(0) 
is a smooth hypersurface near /a and D'(k(p-i([o.+oo[)) — '^^-^{\q.+oo[)- 
Since /a C (/9~^(0), the first term of the above triangle is zero. By (i) 
the support of Hiiv *{M.ip,F\f*v) already contained in Ja. So we can 
forget the subscript /a in the third term and we obtain (ii). 

(iii) By (i) the cohomology sheaves of M-^p^F are locally constant sheaves 
on Ja- Since Ja is a fiber bundle over I\ with fiber ]R>o we deduce 
from (ii) that N'^p^F has locally constant sheaves cohomology sheaves 
on /a- Since qi induces an isomorphism /a U\ we obtain (iii). 

(iv) We first prove that ii : {/} x M j- [/a x M is non-characteristic 
for Rr^-i([o,+oo[)(Q'2'^-^) ill a neighborhood of x. We use the bound in 
TheoremlSil We set for short A = T*^Ua x SS(F) and B = T*^Ua x A. 
Since microsupports are closed subsets it is enough to prove 

(a) {A + a;) n (T;f/A X Tl,^^M) C {(/, x; 0, 0)}, 

(b) 7r^n-\-H-'CiA, A'^)) n (T^Ua x T*^^,M) C {(/, x; 0, 0)}. 

Since A C T^^Ua x T*M and A; n T*^^){Ua x M) C T^^Ua x T*M, 
by Lemma [4. 3 1 the statement (a) is clear. Since A G B in some neigh- 
borhood of A n A^, we may replace A by i? in (b). We have seen that 
-H-'CiB,A'^) C T*jJ*{Ua X A). Hence n^7r-\-H-^C{B, A'^)) C 
T;^(t/A X A) and this gives (b). 

Now the non-characteristicity implies 

t7'K,F ^ (^iRr^-i([o,+oo[)(g2"'^))x ® ^fi}\lf^ - (Rr^-i([o^+^[)(F)), 

and we deduce (iv). □ 

For 99 G 7a we define a functor, using the notations of Theorem 14.61 

ml: Df^)(M^D»^(k^J 

F I-)- Rgi^(Rr^-i([o,+oo[)(q'2'^-^)/A)- 

By Theorem 14.61 the cohomology sheaves of mKF) are locally constant 
sheaves on Ua and we have (m^(F)i ~ (RF^-i^^ _,_^[-)(F))a;, for any 

I e Ua and x = tm{1)- 

Let v^cV^i e 7a- We define v9:f/AxMxR^-Rby (/?(/, x,t) = 
tipo{l,x) + (1 - t)y?i(/,x). We let gig: t/A X M X R ^ t/A X R and 
q2'- [/a X M X R — )■ M be the projections and we define a functor 

m^'^^ Df'^)(kM) ^ D^k^.xR) 

F ^ Rgi3,(Rr^-i([o,+oo[)(g2" ^) 
Theorem 14.61 works as well with the parameter t and we obtain: 
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Lemma 4.7. Let ipo, y^i e 7a. For t eM we let it: f/A x {t} ^/a x M 
be the inclusion. Then, for any F G D^j^^{\i.M), the cohomology sheaves 
ofm'^''^^{F) are locally constant sheaves on [/a xM and we have natural 
isomorphisms i^^m^°''^^(F) ~ m^'(F), for all t G M. In particular we 
have a canonical isomorphism rn^{F) ~ rri^{F). 

By this lemma the following definition is meaningful. 

Definition 4.8. Let A be a locally closed conic Lagrangian submani- 
fold of T*M. We let mj^: ^\p^^{\^m) ^ D^(kf;^) be the functor for 
an arbitrary ip G Ta- For a given / G U\ and F G D^^^(kj\/) we set 
^A,i{F) = {mj>^{F))i and call it the microlocal germ of F at /. 

Proposition 4.9. Let A be a locally closed conic Lagrangian subman- 
ifold ofT*M. Then the functors m^^: D^^^^(kjvf) D^(ku^^), where 
Aq runs over the open subsets of A, induce a functor of stacks 

tTiA: 6(kA) ^ f7A*(DL(kt7^)). 

In particular, for F,G & D^^^(kM), we have a canonical morphism 

(4.9) aX^H'^fihom{F, G) ^ if°R'Hom(mA(F), mA(G)), 
which is actually an isomorphism. 

Proof, (i) Let Aq be an open subset of A. Let F G D^^^^(kA./) be 
such that SS(F) fl Aq = 0. Then, by (iv) of Theorem 14. 6[ we have 
mAo(-F) = 0. Hence the functor mAo factorizes through □'^(k^; Aq). On 
the other hand, by (iii) of Theorem 14. 6[ this functor takes value in the 
subcategory of D^(ku^^) of objects with locally constant cohomology 
sheaves. Hence we obtain a functor m° : — >■ crA*DL°(k(7^) between 
the prestacks of Definitions 13.11 and 13 . 2[ We deduce triA as the composi- 
tion of (m° )° with the natural functor (crA*DL°(k;7^))" (TA*DL(kt/^), 
where (■)" denotes the associated stack. 

(ii) By Corollary 13 . 41 the "Horn sheaf in the stack (3(kA) is fihom{- , ■). 
It follows from Definition 13.21 that the 'Horn sheaf in the stack DL(kx) 
is H^KT-Loml- , ■). This gives the morphism fl4.9p . It is an isomorphism 
by dSSD- □ 

Now let M' be another manifold and A' be a locally closed conic 
Lagrangian submanifold of T*M'. We have the obvious embedding 
U,A' : Ua X Ua' ^ f^AxA', {I, I') ^ I® I'- Proposition 7.5.10 of [7] gives 

Proposition 4.10. There exists an isomorphism of functors 
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5. The Maslov sheaf 

5.1. Definition of the Maslov sheaf. Let A be a locally closed conic 
Lagrangian sub manifold of T*M. By Corollary 13. 141 we have a canoni- 
cal object /Caa in ®*(k(7), where [/ is a neighborhood of Aa in A x A". 

We set Ua = Aa ^AxA" f^AxA"- The antipodal map T*M — >■ 
T*M induces a morphism on the Grassmannian of Lagrangian sub- 
spaces of TpT*M and TpaT*M. We also denote this morphism by 
(■)": Cm,p — ^ 'C,M,p^, I ^ l""- We define an embedding v^'- U\ X\ U\ — )■ 

Definition 5.1. We define the Maslov sheaf Ma G DL(k^^) by Ma = 

mAxA-{)CAjy)\u^- We also set Ma = vI^{Ma) e DL(kc/^XAC/A)- 

By Corollary I3.14[ for any open subset Aq C A and F G D^^^-|(kM), 
we have a canonical morphism in DL(kj^^) 

(5.1) -f'p = niAxA-ilF)- Ma\u^^^ mAxA«(i^KD'F)|^^^, 

which is an isomorphism as soon as F is simple along Aq. The follow- 
ing results are well-known and can be deduced for example from [TJ 
Appendix] . 

Proposition 5.2. Let U G Ua be a connected component of Ua- Let 
I G U and let {piP"") G Aa he the projection of I to Aa (so that I is a 
Lagrangian suhspace of Tf^ppa-^T* {M x M)). Then the Maslov index 

(5.2) ta{1) :=rAxA-(Ao(p) x Ao(p''), Aa(p) x Aa'>(p"),/) 

is independent of I G U. It is an even number. Moreover, for any 
p G A, /i G Ua,p and k G Ua<^,p<^, we have 

(5.3) ta{Ii, h) = TAiMp), Aa(p), /i) - ta^Mp"), Aa"(p"), h). 

Notation 5.3. For a connected component U of Ua we set t{U) = 
ta{1) G 2Z, for any I E U . If Ui and U2 are connected components of 
Ua and Ua°- such that crA(f^i) H o-a^{U2) is non empty and connected, 
then Ui XaU2 is contained in a connected component, say U, of Ua- 
In this case we set r(f/i, U2) = t{U). For A; G 2Z we define 

(5.4) Ul = {le Ua, TAil) = k}. 

Proposition 5.4. Let o-a'- Ua ^ A be the projection to the base- Then 
we have, for any k G 2Z, 

(i) for any p G A, the fiber fl cr^^(p) is connected. 
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(ii) the image of the restriction aA\jjk: ^ A is 

{p e A; codimAo(p)(Ao(p) n Xa{p)) > \k\/2}. 
In particular, the restriction cTAljjo : ^ A is onto. 

Proposition 5.5. Let U G U/<^ be a connected component of U/^. Then 
M.\\u G DL(k;7) is concentrated in degree |r(f/). 

5.2. Composition with the Maslov sheaf. All Grothendieck oper- 
ations do not induce functors on the categories DL(k,). But this works 
for the tensor product and the inverse image. Let X be a topological 

L 

space. The functor (8> on D (kx) clearly induces a bifunctor on the 
subprestack DL'^(kx). Taking the associated stack we obtain a bifunc- 

L 

tor on DL(kx). We denote it also by ® since it commutes with the 
natural functor DL°(kx) DL(kx). 

Let f:X — y be a continuous map between topological spaces. 
Then f~^ induces a functor of prestacks f~^: DL°(ky) — )■ /*DL'^(kx). 
We note that we have a functor of stacks (/*DL''(kx))" /*DL(kx), 
where (■)" denotes the associated stack. Hence f~^ induces a functor 
of stacks /"^ : DL(ky) — )■ /*DL(kx), which commutes with the functor 
DL°(k.) ^ DL(k.). 

We denote by t/JJ the fiber product of n factors U\ over A. In Proposi- 
tions l5.6l and l5.8l below we denote by q^j : f/| — )• ?7| the projection to the 
factors i and j. We use similar notations g^: U\ ^ U\, q^j : t/^ — >■ f/| 
and qijfc: Ul- 

Proposition 5.6. There exists a canonical isomorphism in DL(kj;3) 

u: q^s^A^A ® q23^A^A ^ (hi Ma 
such that the following diagram commutes in DL(kf;4) 



qi2 A^A ® q23 AIa ® AIa ^ qi2 AIa ® q24 Aly 



(5.5) 



q^23M(g)id 



1 1 ^134^ 1 

qr3 AIa ® q34 AIa ^ q^ Al a- 



If we had a good notion of direct image, we could define a compo- 
sition of kernels in DL(k,), as in [TJ §3.6]. We could restate the result 
as AIa o AIa — AIa (working on connected components of U\) which 
justifies the title of this paragraph. 

Proof. By Proposition 15.51 AIa is concentrated in a single degree over 
each connected component of [/^. Hence it is enough to define u locally. 
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(i) We consider an open subset Aq of A such that there exists F G 
D^^^.|(kjv/) which is simple along Aq. Then we have the isomorphism 

ip: Ma\u^^ ^ mA,^Aa{F K D'F)|^^^ given in (jEI]). Let us set 
for short V = U^^ and L = mA,)(-F). Then Proposition 14.101 gives 
vJ^^Ma — L KIaq D'L. On each connected component Vi of V we have 
L|y. ~ Li[di\ where Li is a local system of rank 1 and di G Z. Hence 
we have a canonical isomorphism D'L (8) L ^ ky and we deduce the 
sequence of isomorphisms: 

~ (L Ka„ D'L Kao kv) ® (ky Kao L Kao D'L) 

(5.6) ~ L Kao (D'^ ® L) Kao D'^ 
~ L Kao Kao ^'L 

We denote by u{F) the composition in (15. 6p . 

(ii) Let us check that u{F) is independent of F. Let F' G D^^^^(kjv/) be 
another simple sheaf along Aq. Up to shrinking Aq we have F ^ F'[i\ 
in D^(kj./;f2), for some neighborhood ^2 of Aq and some i E 'L. Since 
morphisms in D^i^iM]^) are compositions of morphisms in D^(kj\/) 
and their inverses, we may even assume that we have v: F ^ F'[i\ in 
□'^(kft/) which induces an isomorphism in D^(kM; f^), hence in ©(kAp)- 
Then w = mAo(f): L = m\g{F) L' = mAo(L''[z]) is an isomor- 
phism and we have 7^/ o (7^)""^ = w IE D'{w~^). Using w it is easy to 
draw a commutative square between any two consecutive lines of the 
definitions of u{F) and u{F') in (15. 6p . Then we obtain u{F) = u{F') 
as required. In particular taking a covering of A by open subsets like 
Aq we can glue the local definitions u{F) and obtain our morphism u. 

(iii) The commutativity of the diagram (15. 5p is also a local question. 
It is a straightforward consequence of the defining sequence (15. 6p . □ 

Definition 5.7. We define a stack &rngi)^A) as follows (the subscript 
"mgf" stands for microfocal germs). For an open subset Aq of A, the 
objects of (3mg(kAo) are the pairs {L,ul), where L G DL(k;7^^) and ul 
is an isomorphism in DL(k[/2 ) 

(5.7) Mi : Ma ® q2^L ^ q^^L 
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such that the following diagram commutes in DL(k^3 ) 

qi2 A^A ® A^A ® L ^ qi2 AIa ® (\2 



qi3 AIa ® Qs ^ Qi L. 



We define Home„g(kAo)((-^! ""l)? (-^'^ ""l'))' two objects {L,ul) and 
{L',ul') of 6mc,(kAo), as the set of f G HomDL(ki7^ ){L,L') such that 



Al A (g) ^2 ^ Ql L 



(5.9) 1(1^2^-") 



Ma ® ^2"'^' — <li'L' 



is commutative. 



Proposition 5.8. Let Aq 6e an open subset of A and F G ©(Icao)- 

Then we have a canonical isomorphism in DL(k(y2) 

mf: A^A ® q2^mA,iF) ^ qY^mA,iF) 

such that (mAo(-F),MF) ^ Gmg(kAo)- other words vxa induces a 
functor 

(5.10) m'^: 6(kA) ^ GnigO^A) 



L 



Proof. By Lemma 13.91 we can write locally F = G ® Lm, where G is 
simple along A and L G D^(k). Then we have locally the canonical 
isomorphisms mA^F) ^ niA^G) ® L[/^ and AIa — f^kxiv^iG Kl D'G). 
Now the proof goes on like the proof of Proposition 15.61 □ 

Theorem 5.9. Let A he a locally closed conic Lagrangian submanifold 
ofT*M. Then the functor m'j^ of Proposition l578\ is an equivalence of 
stacks. 

Proof. We prove that ttIa is faithful in (A-i), full in (A-ii) and essen- 
tially surjective in (B). The proofs of (A-ii) and (B) follow the same 
idea. In both cases we are given a morphism or an object, say a, on 
a neighborhood of a fiber Ua,p and we want to see that a = mA(/3) 
for some /3 in a neighborhood of p. We pick up /q G Ua,p and easily 
define (3 so that a = mA(/3) in the connected component of Ua con- 
taining If). To check that this isomorphism holds everywhere we use 
the isomorphisms (15. 7p , (15. 9p and Proposition 15.81 
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(A) We first show that is fully faithful. Let Aq be an open subset 
of A and F,Ge &{k^o)- 

(A-i) Let v: F ^ G he such that m^(f) = 0. We have to show that 
V = 0. Since we deal with stacks this is a local problem and we may as 
well assume, by Corollary 13. 4[ that F and G are objects of D|'^^^^(kj\/) 
and that v e if°(Ao; fihom{F, G)). For any / G t^Acp the formula (13. 6 p 
implies Vp = (m^(t'))/ = 0. Since this holds for all p G Aq we conclude 
that V = 0. Hence is faithful. 

(A-ii) Let v' G Home„g(kA )(^a(-^)5 it^a(^))- We want to prove that 
v' = tTi^(w) for some v. F ^ G. Again, since we deal with stacks and 
since we already know that is faithful, it is enough to find such a 
u in a neighborhood of each p G Aq. So we can assume that F and G 
are objects of D^^^^^(kA,/)- We choose Iq G f/Ao,p- By f l3.6p there exists a 
unique v G fihom{F,G)p such that Vp = {m\{v))ig = v'l^. Since m^^F) 
and m\{G) are locally constant, we can choose a neighborhood Ai of 
p in Aq such that 

(a) the connected component of containing /q, say , satisfies 
aA([/oj = Ai, 

(b) V is defined on Ai, 

(c) (mA(i;))/ = t';foralHGf/^^. 

We will prove that 

(5.11) {miy{v))v = v[, for all /' G U^,. 

This means that {rni^{v))\uj^^ = v'\ij^^ and thus achieves the proof that 
is fully faithful. So let us prove (15. lip . By definition, v' satisfies 
the diagram (15. 9p . where L = mA{F), L' = m\{G), ul = up and 
ul' = ug (with Up, ug given by Proposition [5l8])- On the other hand, by 
Proposition l5.8l mA{v) satisfies the same diagram. Since (Ta{U^J = Ai, 
we can choose / G U^_^ such that a^i^l') = crA(/). Now we obtain (15. lip 
by taking the stalks of the diagram (15. 9p at (/', I) and using the following 
properties: (A^a)(/,/') is free of rank 1, {mA{v))i = v[, Ul and Ul' are 
isomorphisms. 

(B) Now we prove that is essentially surjective. Let Aq be an open 
subset of A and (L, n) G ©^^(kAo)- Since xn'j^ is fully faithful, it is 
enough to prove that, for any p G Aq, there exists a neighborhood Ai 
of p in Aq and F G 6(kAj such that m'p^^{F) ^ {L,u)\ut^^- 

We choose /q G f^Ao.p and a neighborhood Ai oip in Aq such that 

(a) the connected component of U^^ containing /q, say U%^, satisfies 
aA(f/^J=Ai, 
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(b) the map caIuo ■ Ai has connected fibers and admits a 
section, say ii : Ai — j- 

(c) there exists Fi G D|'^^-|(kj\/) which is simple along Ai. 

Then mA^(Fi) is a local system free of rank 1 on f/°^, with a shift. 

We define Li = D'(mAj(Fi)) (g) L and F = Fi ^ h^iLi). We have a 
canonical isomorphism Vi : m^-^ {^)\u1 '^I'^a ' prove that it 

extends naturally to an isomorphism on U^i- We consider the diagram 
in DL{ku^^^^uoJ 

MA0q2^mA^{F) 

(5.12) idM^(S>q2^{vi) I 

Ma ® q2^L — 

where up is given by Proposition 15.81 We define w as the unique 
morphism making the diagram commutative. Since t/^i has connected 
fibers we have w = qi^{v), where v. mA^{F) L is defined hy v = 
(idc/^^,2i)-iH. 

Hence we have obtained m\-^{F) ^ L. To see that {mj>^-^{F),up) ^ 
(L, u) we need the commutativity of the diagram fl5.12p not only on 
f^Ai Xa f^Ai tiut on Uai Xa Uai (with vi replaced by v). For this we 
consider the projection ^23: Ua^ Xa Ua^ Xa L^Ai ^Ai' '^^ 

take the pull-back of the diagram (15.121) by 523 and we take the tensor 
product with A^a K1 k^o . Using the diagram (15. 8p . which is valid 

for {L,u) and (mAi(-F), Wi^), we obtain the commutative diagram in 
DL(k^, 

1 XaC^Ai XAf^A, 

A^A ® q2 "^Ai {F) ^ qr "^Ai (F) 

qi2^A^A ® q2'^-^^ — ^ qr^-^- 

The restriction of this diagram to Uai Xa Uai xa ^i(Ai) is the dia- 
gram (15.121) extended to Uai X-a Ua^, as required. □ 

6. MONODROMY MORPHISM 

We first recall well-known results on locally constant sheaves and 
introduce some notations. Let X be a manifold and L G D^(kx) such 
that SS(L) C T^X, that is, L has locally constant cohomology sheaves. 



Up 



gi ^mAi(F) 
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Then any path 7 : [0,1] — )■ X induces an isomorphism 
(6.1) M,{L): L,(o) ^L^(i). 

Moreover, M^{L) only depends on the homotopy class of 7 with fixed 
ends. We will use the notation M[^](L) := M^(L), where [7] is the 
class of 7. For another path 7': [0, 1] ^ X such that 7'(0) = 7(1), we 
have M^i.^{L) = M^i{L) o M^{L). In particular, if we fix a base point 
Xo € X, we obtain the monodromy morphism 

M(L):7ri(X;xo)^Iso(L,J 

7^M^(L), 

where 7ii{X; xq) is the fundamental group of {X, xq) and Iso(La:Q) is the 
group of isomorphisms of L^^ in D*'(k). For any k- module M we have 
the sign morphism Z/2Z — Iso(M), which sends 1 G Z/2Z to the 
multiplication by — 1 G k. When we have a morphism e: 7ri(X;xo) — )■ 
Z/2Z, we will say "L has monodromy e" if M{L) = sl^^ o e. We 
remark that a morphism vri(X; Xq) — Z/2Z is necessarily invariant by 
conjugation in vri(X; Xq). Hence we do not have to choose a base point 
and we will write abusively e: 7ii{X) — )■ Z/2Z. 

Now we go back to the situation of section |H In particular M is 
a manifold of dimension n and A is a locally closed conic Lagrangian 
submanifold of T*M. For F G D|'^^(kjvf) we have defined m/<^{F) G 
D^(k[/^), which has locally constant cohomology sheaves. For a given 
p G A we will describe M{mx{F)\u^^). We first define an embedding 
of U/y^p into a connected manifold. 

By definition, an element / G f/A,p is a Lagrangian subspace of TpA 
which is transversal to Xo{p) and Xa{p)- The decomposition TpA ^ 
/ © Aa(p) gives a projection TpA — )■ Aa(p) and its restriction to \o{p) is 
an isomorphism that we denote by 

(6.3) Upil): Xo{p)^Xa{p). 

For two vector spaces V, W of dimension n we denote by lso{V, W) the 
space of isomorphisms from V to W. If V and are oriented, we 
let lso'^(y,W) be the connected component of orientation preserving 
isomorphisms. We remark that V © A^V has a canonical orientation 
and we set 

(6.4) I^(V,iy) = Iso+(V© A"\/,iy © A"iy). 
Now we have a natural embedding 



(6.5) 



iuA,p '■ Ua,p Iso(Ao(p), Aa(p)) 
/ ^ Up{l) © A"up(/). 



QUANTIZATION OF LAGRANGIAN SUBMANIFOLDS 



31 



The topological space Iso(Ao(p), Aa(p)) is isomorphic to ^^^.^^^(R). 
The fundamental group 7ri(GL^(R)) is isomorphic to Z for n = 2 
and to JjjTL for n > 3. In any case we have a canonical morphism 
7ri(GL+(R)) — J- Z/2Z which does not depend on the choice of a base 
point. So we obtain canonical morphisms, for any connected compo- 
nent ^7° p of f/A,p 

vri(t/^,p) "^^"'"^ 7ri(I^(Ao(p), Aa(p))) 
(6.6) \ 

Z/2Z. 

Proposition 6.1. Let F G D^^j(kA/) and p G A. Then, for any con- 
nected component U^p, the monodromy of miy{F)\uo^ is e'^. 

Proof, (i) We let be the connected component of [/a which contains 
Ulp. Since Ul is open in £^ we can deform any loop 7 in ^ into a 
loop 7' in a nearby fiber U^g. This does not change the monodromy. 
We also have £p{'~f) = s'qi'y')- Hence we may as well assume that p is a 
generic point of A, that is, in a neighborhood of p we have A = T^M, 
for a submanifold C M. Then F is isomorphic to L^r in ©(Ica), for 
some L G D^(k), and we have m\{F) ^ mj>^{'Iji^f) (g>z L. Hence we can 
also assume that k = Z and F = Z7V. 

(ii) We take coordinates (xi, . . . , x„) so that A^ = {xi = ■ ■ ■ = Xk = 0} 
and p = (0; 1, 0). We identify (>^^Af)p with a space of matrices as in (14. 3p . 
Then [/a,p is the space of symmetric matrices A such that det{Ak) 7^ 0, 
where Ak is the matrix obtained from A by deleting the k first lines and 
columns. Choosing a connected component ^ means prescribing the 
signature of A^. We can choose a base point B G f/° p represented by a 
diagonal matrix B = diag(0, . . . , 0, 1, . . . , 1, — 1, . . . , —1) with k zeroes 
and / I's. We choose indices i < j such that B^ = — 1 and Bjj = 1. 
For 6 E [0, 2tt], we define the matrix B{6) which is equal to B except 

fBii{e) B,,{e)\ ^ (cos{e) sm{e) \ 
\Bj,{e) Bjj{e)j \sm{e) -cos{e)J- 

Then 7: ^ 1— ?• B{9) defines a loop in and vri(t/°p) is generated by 
loops of this form, where i,j run over the possible indices. We have 
£^(7) = 1 G Z/2Z. Hence it remains to prove that the monodromy of 
rriA^Ziy) around 7 is —1. Since m\{ZN) has stalk Z up to some shift, 
the monodromy can only be 1 or —1. So we only have to check that 
the monodromy of m\[7jM) around 7 is not trivial. 
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(iii) We define [0, 27r] x M ^ M by ^{O.x) =Xi + xB{e) *x. Then 
{v^6» > 0} n is a quadratic cone which is homotopically equivalent to 

the subspace Vg = {eg, ep;p = l + l, . . . ,l + k, p i), where Cp = (0, 1, 0) 

p 

and eg = (0, cos(f ), 0, sin(|), 0). The stalk of mA(Z;v) at B{e) G t/9 

i j 

is 

(6.7) mj^{ZN)B{B) ^ Rr{^^>o}(Z7v) ~ Rryg(Z7v) ^Z[n-k-l] 

and the choice of the isomorphism (16. 7p is equivalent to the choice of an 
orientation of Vg. Since we can not choose compatible orientations of 
all Vg, 9 G [0, 27r], the monodromy of m\{'LN) is not 1, as required. □ 

Let Lp be the locally constant sheaf on Iso(Ao(p), Aa(p)) with stalk 
k and monodromy Sp. Let F G D^^^(kA/) be simple along A. Then, for 

any connected component U%p of t/A,p, ''^a(-F)|c/o is concentrated in 
a single degree. Proposition 16.11 says that 

(6.8) mf,{F)\ui^^Lp\uiJdQ], 
for some integer d^. 

7. Extension of microlocal germs 

We have seen in ( 16. Sp that the sheaf of microlocal germs m\{F) of a 
simple sheaf F extends from Up^^p to Iso(Ao(j'), Aa(p)), via the natural 

embedding iuj^p, as a local system on Iso(Ao(p), Aa(p)). In this section 
we prove that such an extension exists not only over p but globally 
over A if the Maslov class of A is zero, we also prove that in the case 
of the Maslov sheaf we can also extend the structural morphism of 
Propsition 15.61 We deduce a description of a twisted version of the 
Kashiwara-Schapira stack in Corollary 17.91 

7.1. Global extension. We will use a notion of twisted local systems. 
We consider a fiber bundle p: E ^ X over a connected manifold X. We 
let Ex be the fiber over x & X. We assume that E^ is path connected. 
We let KiiE) G Mod(Zx) be the local system with stalk ifi(E^;Z) 
(we have Hi^E^; Z) ^ (tti^Ex; hx)Y^ , for any base point G Ex). 

Definition 7.1. We assume to be given a morphism of local systems 
e: H_i{E) — )■ {Z/2Z)x- We consider an open subset U C E such that, 
for all X G X, the "fiber" Ux'-=U nE^ is non-empty and connected. We 
let DL^(k[/|x) be the substack of p^{DL(ku)) formed by the F such that, 
for all X E X, F\u^ has monodromy e. Similarly we let Loc^(k^|A') be 
the substack of p*(Loc(k[7)) formed by the local systems F such that, 
for all X G X, has monodromy e. 
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Lemma 7.2. In the situation of Definition \7. 1\ the restriction map from 
E to U induces an equivalence of stacks Loc^(k£;|x) Loc'^(k^|x)- 

Proof, (i) Let Sq: H_i{E) (Z/2Z)x be the zero morphism. Both 
stacks Loc^°{\^E\x) and Loc^° {\^u\x) are equivalent to Loc(kx) through 
the inverse image by p. Hence the result is true for e = Eq. 
(ii) In general, let C X be a contractible open subset and set Uw = 
U r]p~^(W). Then Loc^ (kE\w) contains a unique object with stalk k, 
say Lw- Taking the tensor product with Lw induces an equivalence 
Loc^(kE\w) \-od^° {^E\w) ■ The same holds for Uw and Lw\uw 
we have the commutative diagram 



Lod«(k^|H/) — L0C^"(kc/,^|iy), 

where the bottom arrow is an equivalence by (i). Hence the restric- 
tion map rw is an equivalence. Since this holds for all contractible 
open subsets W and we deal with stacks, the restriction map is an 
equivalence over X. □ 

We let Xa be the fiber bundle over A whose fiber over a point p is 
Iso(Ao(p), Aa(p)). The inclusions iuj^^ in fl6.5p give 

(7.1) if/^: f/A -^Xa. 

For an integer > we define = {{x,0]0,C,n)', ^at > 0} C 
Tj^]v_.iM^ and p^ = (0; 0, 1) G S^r. We have the inclusions over A xEjy 

Ua X Ubj, ^ f/AxHiv 



^ X=», ^XaxS]v 



We remark that Hjy — M and that the objects in this diagram are 
products of their restrictions over A x {pjy} by S^y. The Maslov index 
''"(Ao, A=^, /) is constant for / in a given connected component of 
and takes distinct values for distinct components. It can take the values 
— A^ + 1, — A^ + 3, . . . , A^ — 1. So Uej^ has connected components that 
we label by the Maslov index U^^+\ U^-\ 

Proposition 7.3. Let K he a locally closed conic Lagrangian subman- 
ifold ofT*M. We assume that the Maslov class of A is zero and that 
U\ has a finite number of connected components, say Ui, i ^ I . Then 
there exist N and a family of connected components Vi C f/siv; i & I , 
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such that all the products UiXVi are in the same connected component 
W C f/AxHjv- Moreover the projection W ^ A x H^v is onto. 

Proof, (i) For / G Ua with 0-^(1) = p E A we set for short r^^l) = 
r(Ao(p), Aa(p), /). For / G U^r^ we define Tu^^^I) in the same way. 

Let p E A and g G H^r be two given points and let Ui,U2 C f/A 
and Vi, V2 C f/sjv be connected components such that Ui fl Ua,p and 

n U^j^^q, i = 1,2, are non empty. We choose /j G f/j fl f/A,p and 

Since the connected components of f^AxHjv,(p,g) 
are distinguished by the Maslov index, we see that Ui x Vi and U2 x V2 
are in the same connected component of UaxSm if '''Aih) — i^'i) = 

(ii) With the notations in (i) we have ta{Ii) — ta(/i) = t{Ui, U2) (recall 
Notations 15. 3p . Setting U[ = aAiUi) we obtain a Cech cocycle on the 
covering A = Uie/ defined by Cij = \T{Ui,Uj), i,j G /. Its class in 
H^{A; Za) is the Maslov class of A. By hypothesis it is zero, so we can 
find a family of integers rij, i E I, such that rij — rij = ^T{Ui, Uj). We 
choose odd such that A^ > sup{2|nj|; i G /}. By (i) the products 
Ui X all are in the same connected component of UaxEjs,- It is clear 
that [J.gj Ui X f/|"' maps surjectively onto A x S^r and this implies the 
last assertion. □ 

Corollary 7.4. With the hypothesis of Proposition \7.^ let F G D|'^-)(kA/) 
be simple along A. Then there exists L G Loc^(kx^|A) such that, for any 
connected component, U, ofUA there exists an isomorphism mA{F)\u ^ 
-^li/Mc/]; for some du G Z. 

Proof. We take A^ and W given by Proposition 17.31 We set = 
kii^-i G D^(kKiv) and = mAy.E^{F M KN)\w[d] G Loc"(kiy|AxE,v). 
where the shift d is chosen so that LP is in degree 0. By Lemma \T72\ we 
have an equivalence of stacks Loc^(ki^^g^|AxHjv) Loc^(kvi/|AxEjv)- 
Hence there exists G Loc^(kx^^g^|AxSjv) such that V-\w — L^- We 
remark that the inclusion of the fiber Xs^^p^^ C X=j^ is a homotopy 
equivalence. Hence Loc^(kig^|Hjv) contains a unique object, say Ln, 
up to isomorphism, with stalks isomorphic to k. Then L}\xj^xi^ de- 
composes in a unique way L^\ij^xXsj^ ~ L Kl L^r, with L G Loc^(kx^|A). 
We obtain finally 

mA{F)mm^^{KM)^mAxEAF^KM)\u^xu^^ ^ {LM Ln)\u^xu^^- 
We set ik = [^k\, where [-J is the integer part. Then m^^{KN)\jjk ~ 
L^ljjk [ik] and we deduce that L satisfies the conclusion of the corol- 

=JV 

lary. □ 
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7.2. Extension of the Maslov sheaf. We first remark that the iso- 
morphisms in Corollary 17.41 can be made canonical by requiring com- 
patibility conditions between them. 

Lemma 7.5. Let F G D|'^^(kM) be simple along A. We assume that 

there exists a connected component Uq of Ua, such that o"a|(7o- ~^ 
A is onto. Then there exist L G Loc^(k2^|A), K G Loc^(k2;^|^) and 
isomorphisms 

(i) au'- m\{F)\u L\u[du], for any connected component U of 
Ua, where du is some integer, 

(ii) /3: mAxA"(FKD'F)|^. ^ A%.[-1], 

(iii) 7: LKAD'L^K|x2t 

such that, for all connected components, U, V, ofU\, with t{U, V) = 2, 
we have j\uxaV ° ("i/ D'(a^^)) = (3\uxaV- 

Moreover, for other [V , K' , , fi' , '^') as in (i)-(iii) satisfying the 
same conclusion, there exists a unique isomorphism u: L L' in 
Loc^(kx^jA) such that a'jj = u\u o au, for all connected components U 
ofUj,. 

Proof, (a) The hypothesis on Uq implies that the Maslov class of A 
is zero. Hence, by Corollary 17.41 we can find L G Loc^(kx^|A), K G 
Loc^(kj^l^), isomorphisms a^■. m/^{F)\i/ L\u[du] as in (i) and f3 

as in (ii) (the shift —1 in (ii) is —^t{U^)). Then a'jj^ and (3 give an 
isomorphism between L KIa D'L|;7(,xaC/o -^'^Ic/qxaC/o- -^y Lemma U72\ 
it follows that L KIa D'L and K\x^ are isomorphic and we can choose 7 
as in (iii). 

(b) For connected components, U, V, of U\, with t{U, V) = 2, we set 
a{U, V) = 7|{/xaV o I^D'(ay ^)). Then a{U, V) and I3\uxaV are two 
isomorphisms between two local systems with stalk Z. Hence they are 
equal up to sign. Now we adjust the signs inductively as follows so that 

a{U,V) = f3\uxAV. 

For /c G Z we let Ik be the set of connected components U of Ua 
such that t{Uq,U) = 2k (so Jq = {f^o})- ^oi any p E A the possible 
Maslov index t(Ao(p), Aa(p), /) run over {— A^, — A^-|-2, . . . , A^}, for some 
integer A^. Hence there exists integers dp < Cp such that Ik has exactly 
one component meeting U^^p if G [dk, e^] and none if k ^ [dk, e^]. We 
deduce, for < A; < / and Ui G h, U2 G that we have either 0"A(f/2)n 
o'KiUi) = or (TA(f/2) C crA(f^i): if not we would have a contradiction 
by considering p G (TA(t/2)nc}(TA(f/i). Now it follows that, for any < /c 
and any U ^ Ik, we have a unique sequence Uo,Ui, . . . ,Uk = U with 
Ui G /; and a^{Ui+i) C crA{Ui), for / = 0, . . . , /c - 1. 
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Now it makes sense to define au inductively. We set au^ = oi'^^- 
Assuming ajj is defined for all U ^ Ii with < I < k, we choose 
V ^ Ik and we let W be the unique component of Ua with W G Ik-i 
and a\{W) C (T\(y). Then we define ay = ia'y so that jIivxaV ° 
{aw D'{ay^)) = I3\wxaV- We use the same argument to define ay 
for t{U, V) < 0. 

The unicity of the afj's follows by the same inductive argument. □ 

Recall the fiber bundle I\ ^ A and the inclusion z^/^ : Ua "-^ X\ de- 
fined in (17. ip . We also set Xa = XaxA^Ua denote hj ifj^: Ua "-^ 

Xa the natural inclusion. Similarly we set X| = Xa XaXa, X| = Xa XaX^ 
and we have the inclusions i^2 : f/| X|, %3 : t/^ M> X|. 

By Proposition 15.51 we can shift A^a to obtain an object of Loc(k^2) 
as follows. We define M'a e Loc(kj;2) by M'a\u ■= Ma\u [It{U)], for 
any connected component U of t/^. Proposition 15.61 gives the isomor- 
phism: 

(7.2) u': qT,\M'A) ® q^tl-^A) ^ qr/(-Mk)- 

Theorem 7.6. There exist C a G Loc^(k2:2|y\^) together with two isomor- 
phisms a: M'a iVri^^h and 

such that the following diagram is commutative 

qi^'iM'A) ® q2i{M'A) QuiM'A) 

Qiiiu^^iCA) ® q23i^l{CA) ^ ^ q^r^i^KCA), 

where u' is (17.21) . v' = i7rl{v) and the vertical arrows are induced by a. 
Moreover (CaiV) satisfies a commutative diagram similar to (15. 5p . 

Proof, (i) We first define Ca locally. We choose an open subset Aq of 
A such that 

(a) there exists a connected component Uq of Ua^, such that 
ctaIuo- Uq ^ Ao is onto, 

(b) there exists Fq G D^^^^(kAf) which is simple along Aq. 

We choose Lq G Loc^(kj^^|Ao) and au - ?TiA(-^o)|(7 -^olf/Mfj]; for U 
any connected component of [/ao, given by Lemma [7751 We set Co = 
Lq Mao D'Lq. The contraction Lq ® D'Lq — iiuA induces Vq : gj^^(£o) ® 



QUANTIZATION OF LAGRANGIAN SUBMANIFOLDS 



37 



?23^('^o) liii'^o) and the aj/'s induce ao: mA„(Fo) KlmA„(D'Fo) 

(ii) Let Fq G D^^^^(kA/) be another simple sheaf and a: Fq — )■ Fq 
a morphism such that mA(a) is an isomorphism. We choose Lq G 
Loc^(kx^^lAo) and : mA(-Fo)|i7 ^ /^o|i/[c?i/] as in part (i) of the 
proof. Then there exists an isomorphism h: Lq Lg such that 
a'u o m/^{a)\u = b\u o au, for all connected components U of Uaq. 
Defining £q, v'q and the same way as Co, vq and ao, we see that b 
induces (3 : Cq C'q such that the following diagrams commutes 

mAo(Fo)KmAo(D'Fo) ^ ^^^o gr2'('Co)®g23'('^^o) gr3'(/:o) 
where the vertical arrows are induced by a or /3. 

(iii) We cover A by open subsets Aj, i G /, satisfying (a) and (b) in 
part (i) of the proof. We choose simple sheaves Fi G D^^,-j(kM) and we 
construct £j, and a, the same way as Cq, Vq and ao. By part (ii) we 
can glue them in £, v and a. The commutativity of the diagram (17. 3p . 
as well as the last assertion, are local statements and and they are clear 
by the construction of vq and ao. □ 

Definition 7.7. Replacing A4.\ by A^a Definition 15. 7[ we define a 
similar stack ©^^(kA) similar to &mgi}^K)'- for an open subset Aq of A, 
the objects of ©^^(kAo) are the pairs {L,ul), where L G DL(k{/^^) and 
ul is an isomorphism in DL(k[/2 ) 

(7.4) ul: M'jy^q^^L^q^^L 

such that the diagram obtained from (15. 8 p by replacing Ai^ by Ai'j^ is 
commutative. The morphisms in ©^^(kA) are defined as in the case of 
©mg(kA), replacing A^a by Ai'^ in the diagram (15. 9p . 

In the next lemma we use the same notations g^,. . . for the projections 
from I? to I? as in the case of Ua. 
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Lemma 7.8. Let L G DL^(ki^|A). Then there exists a unique isomor- 
phism Vl: Ca ®P2^L Pi^L such that 

_i _i _i id^qjg^i'i _, _, 

q^2 -^A ® ^23 -^A ® Qs L -^A ® q2 L 



qig^A^qg L ^qi L 



commutes. 



Proof. Since the statement contains the unicity of it is enough to 
prove the resuh locally on A. So we can assume that A is contractible. 
Hence Loc^(k2^|A) contains a unique object with stalk Z, say Lq. Then 
L Lq ® a]^^{L') for a unique L' G DL(kA). We also have £a — 
Lq KIao D'Lq and the result is obvious. □ 

Theorem 17.61 and Lemma [7.81 imply the following result. 

Corollary 7.9. The restriction functor DL^(k2^|A) DL^(k^^|A) in- 
duces an equivalence of stacks DL^(kj^|A) &^g{k/^). 



8. The Maslov covering 

The stacks &mg()<-A) and (5^^(kA) of Definitions 15.71 and 17.71 are 
locally equivalent. We will see that their inverse images on the covering 
A — >■ A given by the Maslov class of A are equivalent. 

Let us first assume that the Maslov class of A vanishes. Then we 
can find integers du, for all connected components U of Ua, such that 

(8.1) du — dv = \t{U, V), for all components U,V C U\. 

We choose such integers du and we define a functor S: &mgO<.A) 
&'^g(kA) as follows. For an open subset Aq of A and (L, u) G &mg()<-Ao), 
we define S{L,u) = by Li\u := L\u[du], for all connected com- 

ponents U of Ua, and Ui is induced by u. Then the next lemma follows 
from the definitions of Smgi^A) and ©^^(kA). 

Lemma 8.1. Let A be a locally closed conic Lagrangian submanifold 
of T*M. We assume that the Maslov class of A vanishes. Then the 
functor S: ©^^(kA) — )■ ©^^(kA) is an equivalence of stacks. 

To obtain a global version of Lemma 18.11 we consider the covering 
A — A given by the Maslov class of A. Let us give a construction 
adapted to our previous definitions. Recall the map a^: Ua ^ A. For 
/ G f/A we set for short r(/) = r{\o{p), \\{p),l), where p = cr\{l). We 
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define the topological space hP = U\^'L/ ~, where ~ is the equivalence 
relation given by: 

{I, a) ~ (/', a) ^ cta{1) = o-k{1') and a — \t{1) = a' — \t{1'). 

Then we have a well-defined map r: A*^ A, (/, a) i— ?■ (Ja{1), which 
turns A° into a covering of A with fiber Z. We choose one connected 
component of A*^ which we denote by A. We still denote by r : A — )■ A 
the restriction of r to A. We let q: U\ x Z ^ be the quotient map 
and we define = g~^(A). We can identify U-^ with the pull-back 
of L^A — ^ A by r. We denote by rf: t/^ — )■ Z the restriction of the 
projection [/a x Z — j- Z to ?7^. Then d is constant on the connected 
components of f/^ and we denote by du its value on a component U. 

Now we define a functor S: r'^&mgO^A) ^~^®mg(kA)- It is enough 
to define S locally. So we consider an open subset Aq C A, with image 
Ai := r(Ao) by r, such that r|Ao : Aq Ai. Then r^^&mgO<-A){,Ao) ~ 
&mg(}^Ai) and the same holds for &^g. For (L, n) G &mg{^Ai), we 
define S{L,u) = (Li,ui) by Li\u := L\u[du], for all connected compo- 
nents U of Uai, and ui is induced by u. Now Lemma EH] becomes in 
this general setting: 

Lemma 8.2. The functor S: r~^&rng{^A) — ^ ^~^^'mgO^^) ^■s '^^ equiv- 
alence of stacks. 

Putting together Theorem 15.91 Lemma 18.21 and Corollary 17.91 we ob- 
tain a description of the Kashiwara-Schapira stack. We let = '^*2^a 
be the pull-back of Xa by r. 

Theorem 8.3. Let A be a locally closed conic Lagrangian submanifold 
ofT*M. Let r: A — A be the covering defined by the Maslov class of 
A. Then we have a equivalence of stacks r~-'^6(kA) — DL^ (kj-^^^;^) . 

Topological obstructions. We quickly recall the definition of the 
second Stiefel- Whitney class. We first recall some facts on topological 
obstructions. We consider a connected manifold X and a fiber bundle 
p: E ^ X with path connected fibers. We assume to be given a mor- 
phism of local systems e: H_i{E) — )■ (Z/2Z)x. The second obstruction 
class of E and e is the obstruction for the stack Loc^(Zx) to have a 
global object, locally free of rank 1. It is defined as follows. We first 
remark that, if U is contractible, Lod^{Zu) has only one rank 1 locally 
free object, up to isomorphism. Clearly the automorphism group of 
this object is Z/2Z = {±1}. We consider a covering X = [J^^j Ui such 
that, for all i,j, k E I, the open sets Ui, Uij and Ujk are contractible. 
We choose Li e Loc^(Zj/.) and isomorphisms Uij: Li\u^. Uj\u^., for 
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all i,j G /. Then, for z, j, k G I, the composition c^-fc = Uki o Ujj. o Uij 
belongs to Z/2Z. We can check that {cijk}i,j,kei defines a Cech cocyle 
over X and that its class in H'^{X; Z/2Z) is independent of the choices 
of the covering, the objects Li and the morphisms Uij. 

Definition 8.4. For a bundle E ^ X and a morphism e: H_i{E) — )■ 
(Z/2Z)x, we let 02{E,e) e H^{X]Z/2Z) be the class defined by the 
cocyle {cijk}Lj,kGi- 

By construction Loc^(Zx) has a global object locally free of rank 1 
if and only if 02{E, e) = 0. 

We will use this obstruction class in the following case. Let -Fi, F2 — 
X be two real vector bundles over X of the same rank, say r. Let Xp^ j^j 
be the fiber bundle with fiber Iso(Fi(x), F2(x)) at x E X (see (16 ■4p ). 
It comes with a morphism e: H^(Xp^ p^) — )■ {Z/2Z)x- 

Definition 8.5. We define the relative second Stiefel- Whitney class of 
Fi and F2 by ^2(^1,^2) := 02(Xp^,p,,e) G H\X;Z/2Z). 

If El is the trivial vector bundle we have rw2{Ei, E2) = W2{E2 © 
A'E2) = wfiEi)+W2iEi). 

Now we deduce from Theorem 18.31 

Corollary 8.6. In the situation of Theorem \8.3\ we assume that the 
Maslov class of A is zero. Then ©(kA) is equivalent to the stack 
DL^(kj-^^j^). In particular the substack of pure sheaves, &(kA), is 

equivalent to the direct sum 0.^^ Loc^(k2-_|^)[z], viewed as a substack 
o/DL^(k^^lx). 

Let us assume moreover that the image ofrw2{Xo, Aa) in H'^{X; k^) 
is zero. Then the stack of simple sheaves ©'^(kA) admits a global object. 

We remark that the equivalence of Theorem l8.3l (and the equivalence 
©^(kA) — '-0c^(k2-„|^)[z]) is not canonical because A is defined as 

"one" connected component of A°. If the Maslov class is zero, we have 
A° = A X Z, but this decomposition is not canonical. 

Part 2. /i-sheaves 

We set for short ]R>o =]0,+oo[ and R>o = [0,+oo[. We usually 
endow M with the coordinate t and M>o, ffi>o with the coordinate u. 
We set T;>oM = {(t,r) G T*M; r > 0} and we define T^^qR similarly. 
For a manifold M and an open subset U C M x M we define 

t:>oU = {T*M X t;>oM) n t*u, t;^,u = {t%,u)\ 
^ ■ ^ T;>of/ = (T*M X t;>oM) n t*u, t;^^u = {T^^^uy. 
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Definition 8.7. Let U be an open subset of M x M. We let D^>o(kc/) 
(resp. D^>Q(k;7)) be the full subcategory of D^(k(/) of sheaves F satis- 
fying SS(F) C T:^,U (resp. SS(F) C T^^.U). 

9. Convolution 

The convolution product is a variant of the "composition of kernels" 
considered in [7] (denoted by o). It is used in [11] to study the localiza- 
tion of D^(kA/xK) by the objects with microsupport in T^<g(M x R), in 
a framework similar to the present one. Namely, Tamarkin proves that 
the functor F ^ kjv/x[o,+oo[ * is a projector from D^(kMxM) to the 
left orthogonal of the subcategory D^. (mxK)('^a^xr) of objects with 

microsupport in T^<q(M x M) (see [1] for a survey). For a manifold 
we consider the maps: 

s,gi,g2: iV X ^ iV X M 
defined by s(x,ti,t2) = (a;, ^1+^2), ^1(2^, ^i, ^2) = (x, ti) and 52(2^, ^i, ^2) = 

Definition 9.1. For F, G G D^(k^xM) we set 

(9.1) F^G:=Rs,{qi^F®q:,^G) G □'^(k^rxR). 

In fact we will mainly consider the case where N is of the type 
N = M X ]R>o for some manifold M and we will use the product with 
the kernels kA,k„A G D'^(kj\/xRxM>u)) where A is one of 

7 = M X {(t, n); < t < n}, 7 = Int(7), 7, 

(9.2) 7' = M X {(t, u); -u<t< 0}, 

Ao = M X {0} X R>o, Ai = M X {(t, m) G M X M>o; t = u}, 

and —A is given in Definition 19.21 For F G D^(kMxiRxR>o) we thus have 
k^ * F G D^(kjvf xRxiR>o)- As we will see now the product with k^ also 
makes sense for F G D^(k;7) where U is an open subset of M x M x M>o. 

Definition 9.2. For two subsets A, i? of x R we define 

-A = {{x,t) e N X R; (x, -t) G A}, 
Ai<B = siq^^Anq^^B) 

= {(x, t) G iV X R; 3ti G R, (x, ti) G A, (x, t - ti) G 5}, 
= {{x,t) eN xR; i-A) ^{{x,t)}c B}. 
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We remark that i?^^ is the largest subset V of x M such that 
{-A) -kV C B. When N = M x R>o we will mostly use 

B^^ = {{x,t,u) e M xRx M>o; {x} x[t-u,t]x {u} C B}. 

Lemma 9.3. Let N be a manifold and U G N xW an open subset. Let 
F,G E D'^(kArxR)- We set A = suppG. Then the natural morphism 
Fjj — )■ F induces an isomorphism 

[G ^ Fu)\u., ^ [G ^ F)\u^,. 
Proof. For (x, t) G U^,A we have by definition 

s-\x,t)nq^\A) = s-\x,t)nq^\u)nq^\A). 

It follows that (G*-Fc/)(a;,i) {G -k F)(^ri:^t) and this proves the isomor- 
phism. □ 

Definition 9.4. Let iV be a manifold. Let j : U --^ N x R he the 
inclusion of an open subset and let A be a closed subset of x M. Let 
G E D^(kArxR) be such that suppG C A. Then, for F e D^(kc/), we 
define G F e D^(kf7^^) by 

G^F = {G^jiF)\u^^. 

By Lemma [9^3] we also have G-kF = (G^Rj*F)|[/^^. The base change 
formula gives the following result. 

Lemma 9.5. In the situation of Definition \9.4\ we let N' be a subman- 
ifold of N and we set U' = Un{N' x M) and A' = An{N' xR). Then 
U,A n {N' X M) = f/;^, and (G^F)]^,^, ~ G\n'^r^F\u>. 

Lemma 9.6. Let G, G' G D^(kArxR)- Let U be an open subset of N xM. 
and F G D^(k[/). We set A = supp G, A' = supp G' and V = U^,(^A*A')■ 
Then V = {U^a)*a' = {U^A')*a and 

Gi.G'^G'i.G znD^(k^xM), 

G'^(G'^F) ~ (G^G")*F mD^(ky). 

Proof. The commutativity is clear from the definition of T*r. To prove the 
associativity we use the base change formula to show that both terms 

are isomorphic to 'Rs2,\{qi^G ® q^^G' ® q^^j\F), where j : U N x R 
is the inclusion and s^^qi: M x — )■ M x M are respectively the sum 
and the projections. □ 

Now we consider a manifold M and N = M x M>o- We use the 
notations (19. 2p and we define the "translation" 

T: M xRxRyo ^ M xRx M>o, {x,t,u) ^ {x,t + u,u). 
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For any F G D''(kA/xMxR>o) we have 'kx^-kF c^F and 'kxi'^F ^ T^{F). 
Hence the distinguished triangles 

(9.3) ko ^ ^ kAo A, k- ^ kA, ^ k^[l] A 

yield the distinguished triangles, for F G D'^(kMxMxR>o)! 

(9.4) ko^F ^ k^^F ^ F A, ky^F^T,(F) ^k^[l]^F A . 
An easy computation gives the isomorphisms 

(9.5) k-* (ko[l]) ~ kAi, k-^(k_o[l]) ~ kAo, k-^k^~k^. 

Using Lemma [9.61 we deduce the following result. 

Lemma 9.7. Let U C M x M x R>o he an open subset. We set U' = 
f4(-j,(_.-)) . Then, for any F G D^ihjj), we have natural isomorphisms 
m D^(kt//) 

k_o[l]^(k-*F) ^ k-^(k_.[l]^F) ^ F\jj,. 

Lemma 9.8. Lei a < 6 G M and let F G D^>o(kK). Then k]a,fe]*F ~ 0. 

Proof. We may as well assume a = 0, 6 = 1. We have k]o,i] F = 
Rs!(k]o,i] K F) and SS(k]o,i] K F) C {(ti, ts; n, ra); n < 0,r2 > 0}. 
It follows from Theorem 12.51 ((ii) and (iv)) that F' = k]o,i] -k F has 
constant cohomology sheaves. Hence k]o,i]T*rF' = 0. We can check that 
k]o,i] -k k]o,i] ~ k]o,i][-l] © k]i,2] and Lemma [92] gives k]o,i][-l] -k F ® 
k]i,2] * F ~ 0. In particular k]o,i] -k F ^0. □ 

We define the projections 

q = qm: M xRxRyo^ M X M, (x, t, u) ^ (x, t), 
^^'^^ r = tm: M X R X ]R>o M X M, {x,t,u) ^ {x,t - u). 

Lemma 9.9. Let F G D^>o(kK). Then we have k-*g-^F g^^F 
andr~^F ko*g~^F[l]. In particular both triangles in (19. 4p . applied 
to q^^F , reduce to the same one 

(9.7) r-\F)[-l\^\i^i.q~\F)^q"\F) A . 

Proof. We set 7" = 7 \ Aq. Recall that kA^ * g~^F ~ g~^F. Hence the 
excision exact sequence gives the distinguished triangle ky/ k q~^F — )■ 

kyT<rg~^F — )■ q~^F For a given (x, u) G M x M>o, the base change 
by i{x,u) '■ {x} X M X {u} ^ M x M x M>0! together with Lemma 
shows that z^^^^(ky/ -kq^^F) ~ 0. Since this holds for any {x,u) we 
have ky/ * g~-'^F ^ and then ky t^t g~^F q~^F. 
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The proof of r ko ^ g ^-^[1] is the same. Hence the first 

triangle in ( 19. 4 p is isomorphic to (19. 7p . For the second triangle we 
remark that T^{q~^F) ~ r~^F. □ 

Now we consider a given e > 0. For the open subset U = MxMx]0,e[ 
of M X M X M>o we clearly have 

Ui,-^ = f/v.(-7) = U. 

Hence we can define the functors (recall 7' in (19. 2p ) 

,g '^ej'^e: D^(kMxRx]0,£[) D^(kAfxRx]0,e[), 

<|.,(F) = k,^F, $;(F) = (ky[l])^F. 
A direct computation gives 

(9.9) (ky[l])^k7 ~ (ky[l]) ©k^. 

The inclusion Aq C 7 gives the morphism k^ k^g. The inclusion 
Ao C 7' gives k— — kAo and by duality k^g ky[l]. We obtain the 
morphisms 

(9.10) k^o ^ (ky[l])^k^^kAo. 

By symmetry of -k the morphisms in (I9.10p induce four natural mor- 
phisms id A o <|)^, $^ o 4- id, id -^■ $^ o $g and o <|)^ A id. 

Proposition 9.10. T/ie functor $g 6oi(/i /e/i and right adjoint to $£. 

Proof. We have to check that the composition of morphisms induced 

by a and a, say -^^^^ o $^ o as well as the three 

other similar compositions, are the identity morphisms. We check it for 
(idoa;)o(aoid), the other proofs being similar. We have to prove that the 
composition of morphisms induced by (19.101) . k^ — )■ (k^ * (ky[l])) ^k^ 
and k^ -k (ky [1]) -k k^) — )■ k^, is the identity morphism of k^. 

By Lemma 19.51 it is enough to fix a point {x,u) in Mx]0,£:[ and 
work in the fiber M over this point. We set r2 = 7 x 7' c and 
D = s-\0) n T2. Then (ky[l]) ^k^ ~ Rs^krjl]). We see that the 
first morphism in (19.101) is the direct image by s of k^j — )■ kpj [1] and 
the second one is the direct image of krjl] — )■ k£)[l]. 

We set Fa = 7 X 7' X 7 c M^, -Di = I? X 7 and D2 = ^ x D. 
We define sg: ^ R, (^1,^2,^3) ^^1+^2 + ^3- Then k^ ^ (ky[l]) ^ 
k^ ~ Rs3!(kr3 [1]). By the previous discussion the morphism k^ — )■ 
(k^ -k (ky [1])) -k k^ is induced by k^j ^TsI^] and the morphism k^ * 
(ky[l])* k^) — k^, is induced by kr-Jl] — )■ kj:i2[l]. Their composition 
is the natural morphism k^^ k/jjll]- When we take its image by 
Rs3! we find the identity morphism of k^ as required. □ 



QUANTIZATION OF LAGRANGIAN SUBMANIFOLDS 



45 



10. MiCROLOCALIZATION AND CONVOLUTION 

The main result of tliis section is Proposition 110.51 wliicli gives tlie 
global sections of fihom outside the zero-section. The formula proved 
here will be given a more symmetric form in Theorem lll.5[ 

10.1. Third term of Sato's triangle. Let M be a manifold and a 
submanifold of M. We assume for simplicity that is connected. We 
suppose to be given a submanifold A^' of M, defined in a neighborhood 
of in M, such that A^ is a hypersurface of A^' and N'\N is the union 
of two connected components, say A^'"*" and A^'~. We set A^^ = A^UA^'^. 
We let T'N C Nx n'TN' be the subbundle in half spaces of Nxn' TN' 
determined by A^~ and we let 

T*^-M = {{x; e T*M; x e N, u) > for all u G T-N} 

be its polar subset. 

Proposition 10.1. Let U be a neighborhood of N in M. Let F G 
D^iku) such that S'S(F) n T;^~M = 0. Then 

(10.1) R7ru,MF)\^*u) - iRrunN+iF))\N. 
Proof, (i) Let us first prove 

(10.2) Rrf;n(^+\;v)(i")|7v[-l] ^F^u^im- 

By Example I2.2l (iii) and Theorem 12.51 (ii) we have SS(k7v+\Ar) H (A^ Xm 
T*M) C T^~M. Since microsupports are closed subsets of T*M, we 
deduce that, up to shrinking U, we have SS(k^+\7v) H SS(F) fl T*U C 
T*U. Then Corollary ED (ii) gives Rrj^+\N{F) ~ D^^(k^+\;v) ® F. 

Applying D\i to the triangle kAr'\Ar — k^/ we can check 

that D'^^(k7v+\Ar)|Ar ~ c<;Ar|A/[l], which implies (110. 2p . 

(ii) The distinguished triangle Rr[7n(Ar+\Ar)(-F)[— 1] RrAr(F) — )■ 

RTur\N+{F) and (110. 2p give the distinguished triangle 

F ® con\m ^ RTn^F) ^ Rrc;njv+(i")U ^ • 
Comparing with Sato's triangle (12. 4p . we deduce the proposition. □ 

10.2. The case of fihom. Here we apply Proposition 110. ll to fihom. 
For an open subset U C M x M we denote by Au the diagonal. We 
also set 

A'u = {(a;,ti,x,t2) G (M X Rf; (x,ti) G U, {xM) e U], 
A+ = {(x,ti,x,t2) e A'f;; ti > t^}. 
We denote by q[ the restriction of qi to A^^^r ^'u^ z = 1, 2. 
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Corollary 10.2. Let M be a manifold and U an open subset of M xW. 
Let F,G e D^>o(k[7) (see Definition]^. Then 

R7ru,{fihom{F,G)\f,^) ~ KHom{{q'f^F)^+,q'^-G)\Au- 

Proof We apply Proposition [TOU] to the case M = U'^, N = Au, N' = 
A'u, N+ = A+ We have T;^-M = {{x,t,x,t;^,T,-^,-T); r < 0}. 
Since SS(R'Hom(g^^F, q[G)) is contained in {(xi, ti, X2, t-2] ^i, ti, ^2, ti)] 
Ti > 0, r2 < 0}, the hypothesis of Proposition 110.11 are satisfied and we 
obtain 

'R■ku^{^^hom{F,G)\f,^) ~ (Rr^+R'Hom(g2"^-F, giG))|Ay 
We enter inside WHom and the result follows from {q2^^)A+ — 
iQ2~'F)Ai and RFA'JgiG) ^ q'^'G. " □ 

10.3. Microlocalization and convolution. In ( 110. 7p below, we ex- 
press fihom using the convolution product of section |9l This is the main 
step in the proof of f lll.7p . We consider an open subset U G M x M.. 
We will use the maps 

i = iu: U ^ U X M>o, {x,t) h-)- (x, t,0), 
^^^''^^ j = f/ X M>o t/ X M>o, {x,t,u) h-^ {x,t,u). 

We also use the notations of §10.21 and q = qj^j defined in fl9.6p . We 
define the projections g", q'(, q!^ from A'j^ x ]R>o so that we have the 
commutative diagram 



q''=q' xid q'J=qi,xid 

U X M>o A'u X M>o ^ ^ U X M>o 



(10.4) 



1 



q 



I2 



9 



U A'^ U. 



We define F C M x x R^g by F = {{x,ti,t2,u); |ti -^2! < u}. 

Lemma 10.3. For any F G □'^(k^'^) we have 

(10.5) F|a, ^ ^-^Rj;Rg;',RFr(g"-^(F)). 

Proof. We let q'l^q"'. A'^ x M — t/ x M be the projections extending 
q'l and g", that is, qi{x,t) = (x,ti,t3), q"{x,t) = {x,ti,t2). We let 
j' : A'jj X M>o X M be the inclusion and F the closure of F in 

M X R^. Then j o q'l = 1^1 o j' and 

RARFr(g"-^(F))^RFr(7"^(F)). 

Using Example 12.21 (iv) and Theorem 12.51 (iii) we see that SS(kr) fl 
SS(g"~^(F)) is contained in the zero section. Hence RFr(g"~^(-F)) ^ 
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(g"~^(-F))p by Corollary 12.61 (ii) and the right hand side of fllO.Sp is 
isomorphic to 'i~^^qi^{ci"~^{F))Y- We conclude with the isomorphism 
{q"~^ {F))y\ A[jX{o} — (-^)Ai7 and the base change formula. □ 

Lemma 10.4. For any G G D^(k[/xi8>o) have 

(10.6) ^qii{{qr^G)rnq"-^A+)\{UxR^oU - ^ 

Proof. We define (j): M x R"^ x ^ M x R"^ x M>o, {x,ti,t2,u) 
{x, ti — t2,t2, u). We have = so0, where ^1,^2, u) = (x, ^1+^2, u), 
o (f)~^ = q'^ and </)(r fl g"~^A^) = gi~"'^(7). Replacing q'( and by 
these expressions we see that the left hand side of (110.61) is isomorphic 
to Rsi{q2~^G ® g^'~^k^), which is the definition of * G. □ 

Proposition 10.5. Let M be a manifold and U an open subset of 
M xR. Let F,G e D^^^iku). Then 

(10.7) R7ru^{fihom{F,G)\f,^) - r^Rj^{Rnom{k^i< q-^F,q-^G)). 

Proof. By Corollary 110.21 the formula (110. 5p and the commutative di- 
agram (110. 4p . the left hand side of (110.70 is isomorphic to 

t-'RjMLRTr{q"-'Rnom{{q'2-'F)^pq[-G)) 

c:^t-'RjMLRnom{iqr'q-'F)^^^„^,^pq';'-q-'G)) 

c^t-'Rj,Rnom{Rq';M''Q"'F)rn,"-^Ai)^Q"'G))- 
We conclude with (HJJM . □ 

11. The functor 

Motivated by the formula (110.71) we define the functor below. The 
main result of this section is the formula (lll.7p . Together with (I11.3P 
it says that the functor induces an isomorphism between sections 
of ^hom outside the zero-section and sections of a usual R'Hom. 

We consider a manifold M and we use the notations q, r of (19.61) 
and ([103]). We recall that s: M x x R>o M x M x ]R>o is the 
sum s{x,ti,t2,u) = {x,ti + t2,u). We also consider an open subset 
U G M X R and we set for short 

(11.1) U^:={q'^U)^^ = {{x,t,u) e MxRxRyo; {x} x[t-u,t] C U}. 

Definition 11.1. We define the functor '^u- D^(k[/) D^(k{/J by 
^u{F) = k^ ^ q~^F - Rs,(F K k{^t2,uy, o<t,<u}). 
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We recall that D^^Q(k[/) is introduced in Definition 18.71 For F,G E 
D^^Q(k(/) the distinguished triangle (19. 7p and the formula (110. 7p are 
rewritten, 

(11.2) r-\F)[-l] ^ ^u{F) q-\F) A, 

(11.3) Rnu,ifihom{F,G)\f,^) ~ r^Rj,{Rnom{<ifuiF),q~\G))). 
Definition 11.2. If is an open subset of M x M x M>o, we set 

b{V) = IntMxMxR>o(F'''^'''''') n (M X M X {0}), 
where the closure and the interior are taken in M x R x M>o. 

In other words a point {x,t) E M xM. belongs to b{V) if there exists 
a neighborhood W of [x, t, 0) in M x M x M>o such that Wn{M xRx 
M>o) C V. In particular b{V) is an open subset of M x M. 

11.1. Link with microlocalization. In this paragraph we prove The- 
orem 111.51 which gives a symmetric version of formula f lll.3p with re- 
spect to F and G. This is the starting point of the definition of /x- 
sheaves in Section [T^ 

Let V be an open subset of M x M x M>o. Then, for F,G e D^(ky), 

G Z and (x, t) G b{V) we have 

(11.4) H\i-'RUF))^^,t) ^ \u^H\W;F), 

w 

(11.5) H''{i-^Rj,{RHom{F,G)))^,^t) ^ \unRom{F\w,G\w[k]), 

w 

where W runs over the open subsets of M x M x M>o such that (x, t) G 
b{W). 

Lemma 11.3. Let U C M x W be an open subset and F G D'^(k^). 

Let U' G U be a relatively compact open subset and let e > be small 
enough so that U'^ := r-\U') fl (M X ]Rx]0,£:[) is contained in U^. We 
let r^: U'^ ^ U' be the restriction of r. Then for any F G D^(ku) we 
have Rre\{'^u{F)\u^) ~ 0. 

Proof We define r': MxM^xM^q MxM^ {x,ti,t2,u) h> (x,ti,t2- 
u) and s': M xR"^ ^ M X R, {x,ti,t2) ^ {x,ti + ^2)- We have the 
commutative diagram 

M X M2 X M X R2 



M X R X R>n M X R. 
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We set 7e = {(t, m) e M X ]R>o; <t <u < e}. Then we have 
Rr,,((k^ * q^'F)\u^) ^ R(r o M k^J 

^ R(s' o r'),{r'~\F M k^) ® kMxEx^J 

- Rs'!((F K kiR) ® Rr ,(kA,xEx7J) 

and it is enough to prove that Rr'!(kA,/xKx7J — 0. For any (x, ^1,^2) G 
M X the intersection r'~-^(x, ti, n (M x M x 7^) is empty or a half 
closed interval. This implies Kr'iCkMxRx-ye 

) ~ 0. □ 

Proposition 11.4. Let U he an open subset of M xM.. For any F,Ge 
D^(k(/), we have 

(11.6) i-^Rj,{KHom{^u{F), r^\G))) - 0, 

z-iRj;R7/om(vl/c;(F), vl/f;(G)) 

z"'Rj;R7^om(^t/(F),g-i(G')). 

Proof, (i) Let us prove f lll.6p . By f lll.Sp it is sufficient to prove, for 
any /c G Z, 

}iom{{^u{F))\u^,{r-\G)[k])\u^) c^O, 
where U' is any relatively compact open subset of U, e > and U'^ is 
defined in Lemma [11. 3[ Since r is a submersion we have r^^ ~ r'[— 1] 
and the result follows from Lemma 111.31 and the adjunction formula 
between Rr; and r. 

(ii) The mapping cone of ffTTTD is r^Rj^KHom{'^u{F),koi,q^\G)). 
By Lemma we have ko^g^^(G')) ~ r~^(G')[— 1] and the result follows 
from ffTL6|) . □ 

The formulas flll.Sp and flll.7p give 

Theorem 11.5. LetU be an open subset of M xK and F, G E Dj?>g(k[/). 
Then 

R7ru,{ixhom{F,G)\T.u) - i-'Rj*{Rnom{^u{F),^u{G))). 
11.2. Microsupport of Let U be an open subset of M x R. 

Lemma 11.6. Let L G D'^(kj/) and let V G U be an open subset. We 
assume that SS{L\v) C TyV . Then \[^{7(L)|(q-i(y))^_ ~ 0. In particular 
supp(*c;(L)) C (7^7r^(SS(L))) n U^. 

Proof It is enough to prove ^^c/(^)|{g-i{v^))*-n({x}xRxM>o) - 0, for any 
X G M. We set = V (1 {{x} x R). By Lemma [9]5] we have 
^c/(^)l(g-M^))*-n({x}xMxi8>o) - '^vAL\vJ- But K is a disjoint union 
of open intervals of M and L\y^ is constant on each of these intervals. 
A direct computation gives \l/y^(L|y^) ~ and we obtain the result. □ 
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Proposition 11.7. Let F,G e D^>o(kt/). Then 

(11.8) SS(vl>^(F)) = (g,g;i(SS(F)) U ur~\SSiF))) n t*f/^, 

/i/iom(vl/^(F),vl/^(G))|^.^^ 

(11.9) _ _ 

- {qd\qn^ fi'hom{F, G) © rd\r~^^ihom{F, G))\f.jj^. 

Proof, (i) The first equality follows from the triangle flll.2p . the trian- 
gular inequality for the microsupport and the fact that SS(g~^F) and 
SS(r~-'^F) are disjoint. 

(ii) We set for short Zi = gdg^i(T*(MxM))nT*f/^, Z2 = rdr-\f*{Mx 
M)) n f*U^ and A = ^/jom(^c/(F), ^[/(G))|^.^^. By ( HTBf we have 
(supp A) n T*?Xy C Zi U Z2. Since Zi and Z2 are disjoint closed subsets 
of f*U-y we deduce A ~ © A^^. 

Since SS{r-^F)nZi = we have fihom{r-^F, '$u{G))\z, ^ 0. By the 
distinguished triangle flll.2p we deduce A\zi — fihom{q~^ F, \&^(G))|^j. 
Using flll.2p for G the same argument gives 

A\z^ ~ fihom{q~^F,q~^G)\z,. 

By [H Prop. 4.4.7] we have fihom{q~~^F,q^^G) ^ qdiq~^ fihom^F, G) . 
In particular its support is contained m Zi. A similar result holds for 
A\z2, with g replaced by r, and we deduce (111.90 . □ 

Remark 11.8. We can use the decomposition (111.90 to recover the 
morphism in Theorem 111.51 In the situation of Proposition 111.71 we 
obtain the projection 

^ihom{^u{F),^u{G))\f,^^ ^ qd^^q-\lihom{F,G))\T*u,- 

For A e Db(kT.c/) we have Rnu,S(qd^q^\A))\^.^^) ^ q-'RTiuM\f*u) 
and we deduce the morphism 

q"^R7ru*{ljhom{F,G)\f,u). 

For any F G D^iku) we have i^^Kj^q^^F ^ F and we obtain a mor- 
phism 

riRj;R7{om(^t;(F),^t/(G)) ^ R7rr7,(/i/iom(F, G)|^.^). 
By Theorem 111.51 this is an isomorphism. 
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12. Adjunction properties 

Let U be an open subset of M x M and let F,G e D^>o(kt/). We 
consider a morphism u: '^u{F) — )■ '^uiG) in D^(k(7^). The main result 
of this section is Theorem 112.31 which says roughly that, locally near 
the boundary U x {0} of f/^, u is of the form '^u{v). This will be 
useful to show that the category of /i-sheaves introduced in Section [13] 
is triangulated. 

For a given e > we denote by : M x ]Rx]0, £:[—)■ M x M the projec- 
tion. We recall the functors D*'(kMxRx]o,e[) D*'(kMxRx]o,e[), 
introduced in (19.81) . and we define 

D'^(kMxM) ^ D'^(kMxRx]o,e[), F K> ^,{q;\F)), 
D*^(kMxMx]o,.[) ^ D''(kMxR), F ^ Rg,,($^(F)[l]), 

By Proposition 19.101 the functor is left adjoint to For an open 
subset f/ C Af xM we set t/^ = t/^n(MxMx]0,£[). Lemma EJl implies 
^,{F)\u.c^^u{F\u)\m,. 

Lemma 12.1. For any F G D^(kA./xR) O'nd any e > Q we have 

% O ~ k[o,,[*F ^ ^MxR(i^)|MxRxH- 

Proof. By ^ we have %om^{F) ^ Rg,,(((ky)[2] © k^[l]) ^^^^(F)). 
By the projection formula we deduce o \i/e(-F) ~ K -k F, where 
K = Rg^,((ky)[2] © k^[l]). We have Rge!(ky) ^ and Rg^Kk^) ~ 
k[o,e[[— 1]. This gives the first isomorphism. The second one follows by 
base change. □ 

Lemma 12.2. Let F G D^(kMxR), t,e e R, e > 0. Let U he an 

open subset of M xM. We assume that supp(F) C M x [t, +oo[, that 
U C Mx]t,t + e[ and that F\u G D^>o(kt7). We set F' = o 
and we consider a distinguished triangle 

F'^F^L^, 

where a is the adjunction morphism. Then SS{L\u) is contained in the 
zero section of T*U . In particular F'\u G D^^Q(k{/) and a induces an 
isomorphism '^u{.F'\u) — '^u{.F\u) in D^(k;7^). 

Proof. By Lemma 112.11 we have L ~ k]o,e[ F Rs!(F Kl k]o,£[). The 
map s:MxM^—>-MxM is proper on S := supp(F M k]o,e[) and we 
can bound SS(L) by Theorem 12.51 (ii) as follows. 

For a given (x, ti, ^2) G s~^iU) fl S, we have < ^2 < ^ < + ^2 < 
t + £ by the hypothesis on U and t < ti by the hypothesis on supp(F). 
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The case ^2 = ^ is then impossible and we are in one of the following 
cases: 

1. t2 = and G f/, 2. t2e]0,e[. 

Then we can bound SS(F Kl k]o,e[) at (x, ^1,^2), in the first case by 
(r;>o(M X M) U TIj^^{M x M))'x T;<oM and in the second case by 
T*(M X M) X T^m. In both cases we obtain 

s-i(SS(FKk]o,.[)nT(;,^,^)(MxM2)) c s-\T*U) 

and we deduce SS(L|[7) C T{}U. By the triangular inequality for the 
microsupport it follows that F'\u G D^^Q(kc7) and the last assertion 
follows from Lemma lll.6[ □ 

Theorem 12.3. Let U be an open subset 0/ M x R and let F,G E 
D^>Q(k{/). We consider a morphism in D^(kc/^) 

and (xo,to) ^ U . Then there exist an open neighborhood, V, o/(xo,to); 
F',G' G D^^Q(ky) and morphisms 

a:F'^F\v, b: G' ^ G\v, v. F' ^ G' 
such that the diagram in D^(ky^) 



— ^^v{G) 

commutes and \l/y(a), are isomorphisms. 

Proof. The idea of the proof is to define F' = %o '^ei.F), G' = ^'^o 
'^e{G) and v = ^'^(m). Then the diagram of the theorem is nothing 
but the right hand square in the adjunction diagram (112.11) below. To 
make this idea work we use Lemma 112.21 and we begin with cutting F 
and G by suitable open subsets so that the hypothesis of the lemma 
are satisfied. 



(i) Let iu be the embedding of ?7 in M x R. We define Fi = R%^(F), 
Gi = Riu*{G). By Lemma [93] we have '^eiFi)\u^ - and 
<i^,{G^)\u,,^<i^u{G)\u^. 



(ii) For any H G □'^(k^xM) and e > we have 

supp(*£(i7)) C (7*g~^(supp(i/))) n (M x Rx]0,5[). 
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Hence we can choose an open neighborhood Vi of (xo,to) and e > 
such that supp(\l/£((Fi)vJ) C U^. We may also assume {Fi)y^ ~ Fy^. 
This imphes 

Hence u and the morphism Fy^ — )■ F induce Ui : \l/e((Fi)vj) — )■ \I/e(G'i) 
and we see that Ui\(^Vi)^ = ""Icvi)^- 

(iii) We choose t such that to We define V = Vin(Mx]t, t+e[) 
and we set F2 = {Fi)v, G2 = {Gi)y and we let U2: *e(-F2) ^£(^2) 
be the morphism induced by Ui and the natural morphisms F2 — ?■ Fi 
and Gi ^ G2. Then ^,(^2)!^^ ~ '^u{F)\v„ ^.(G's)^, ^ 

and U2\v-y = (we note that C M x Mx]0,e[). We remark that 
F2\v — F\v and G2\v — G\v- 

(iv) The morphisms of functors a : id — \E'£ o \[f ^ and b: \1'^ o vE'^ — )■ id 
give the diagram 



:i2.ii 



'I'eO*^(m2) 

*e(b(G2)) 



"2 



^e(G2) ^ O O ^,(G2) ^,(^2), 

where the left hand square commutes. We have 62 ° ^2 = id and ^2!^^ 
is an isomorphism by Lemma 112.21 Hence 02 1 y is the inverse isomor- 
phism. The same results hold for the bottom line. Since the big square 
commutes we deduce that the restriction of the right hand square to 
Vy also commutes. We conclude by setting F' = (\E^^ o '^^(F2))\v, 
G' = {%o^^J,{G2))\v Sindv = ^',{U2). □ 

13. /i-SHEAVES 

Let M be a manifold. We introduce a category of sheaves on M x 
M X R>o defined in a neighborhood of the boundary M x M x {0} which 
are locally of the type 

13.1. Definition and first properties. 

Definition 13.1. For an open set U C M x M we define the category 
of yU-sheaves on U, denoted D^(kj}), as follows. 

(i) An object of D^(kj}) is a pair (V, F), where V is an open subset of 
M X M X ]R>o and F eD^iky), such that 

(a) U C b(y), where b{V) is given in Definition lll.2[ 
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(b) there exists an open covering U = {J^^i Ui such that V C 

(c) for each i G / there exist Fi G D^>Q(kf/-) and an isomorphism 
-^|vn{!7,)^ - ^c/i(-^i)kn(C/i)^- 

(ii) For two //-sheaves {Vi, Fi) and (V2, F2) we let ji2 be the embedding 
of Vi n ^2 in M X M X M>o and we set 

Hom((ri, Fi), (^2, F2)) = H\U; i^^Rn^jmomiF^, F,)). 

The composition law is induced by the natural morphism 
KHom{Fi, F2) ® R'Hom{F2, F3) ^ R7/om(Fi, F3). 

In other words a morphism u from (Vi, Fi) to (V2, -F2) is represented 
by a morphism u: Fi ^ F2 in D^Cky) defined on some open subset V 
of Vi n V2 such that U C Moreover, u = if and only if there 

exists another open subset V CV such that U C b(y') and u\v' = 0. 

In particular for a /i-sheaf (V, F) and another open subset V G V 
with f/ C the /i-sheaves (V^, F) and (l^',F|i/') are isomorphic. 

Conversely, if {Vi, Fi) and {V2, F2) are isomorphic, then there exists an 
open subset F of Vi n V2 such that U C b(y) and Fi|y ~ F2|y. Hence 
we often write F instead of (V, F). 

For an open subset U' G U we have a restriction morphism 

D\k^^) ^ D^(k^,), ^ iV,F)\u' := (^FlvO, 

where y = V fl IJie/(^' ^«)7 for some covering U = IJ-gj f/^ satisfy- 
ing (i-b) in Definition 113.11 

Definition 13.2. For {Vi,Fi) and (V2,F2) in D*^(k^) we set 
Hom^{FuF2) = i^'Rji2.Rnom{FuF2) G D^(kt;), 

where ji2 is the embedding of ^4 fl V2 in M x M x ]R>o. Then T-iom^ is 
a bifunctor from D*'(kj^) to D^(k[/). 

For any open subset U' G U we obtain 

HomDb(k.,)(F|f;,,G|t;0 ~ H\U';'Ham^{F,G)). 

By definition the functor "^u: D^(ku) D'^(k^^) induces a functor 
denoted in the same way \E'{/: D^^Q(ku) D'^(kf)). 

Let F ^ G ^ H ^ F[l] be a triangle in D^{k^). We represent 
ti, V, w by morphisms tt, v, w in D^(ky), for some open subset V 
of M X M X M>o such that U G b{V). We say that our triangle is 

distinguished if F|y/ -^■ G\v' A -ff|v" -^|v^'[l] i^ distinguished in 
D^{kv'), where l^' C is another open subset such that U G b(y'). 
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Proposition 13.3. The assignment U i— )■ D^(kjjr) is a prestack of tri- 
angulated categories on M x M.. 

Proof. The axioms of triangulated categories are easily verified except 
the fact that any morphism F ^ G may be embedded in a distin- 
guished triangle. We represent u hj u and consider a distinguished 

triangle F A G ^ A in D^(kv), for some V such that U C b(y). 
For a given (x, t) G t/ we can find a neighborhood W of (x, t) and 
Fi,Gi e D^ikw) such that F ^ ^^/(i^i) and G ~ "^wiGi). By Theo- 
rem ll2.3[ up to shrinking W, we can find F', G' G □'^(kyj/), a: F' ^ Fi, 
b: G' ^ Gi and u' : F' ^ G' so that we have a commutative diagram 
in Db(kH/,) 



and the vertical arrows are isomorphisms. Hence H\\y is isomorphic 
to "^wiH'), where H' is the mapping cone of u'. Since this holds for 
any (x, t) G f/ we obtain that H G D^(k(^). □ 

13.2. Microsupport. 

Lemma 13.4. Let U G M x M. be an open subset and let (V, F) G 
D^(k^). Then there exists a subset A C T*^qU such that {recall that 



q,r are given in f l9.6p ) 

(13.1) SS(F) n f*V = iqdq^\A) U r,r-\A)) n f*V, 

(13.2) supp(F) C (7 * (vrMxR(A))) n V. 

Moreover A only depends on the isomorphism class of{V, F) in D^{'k'^). 

Proof, (i) We choose a covering U = IJie/ ^« G D^^Q(k{/-) as 

in Definition I13.1[ We set A = IJiG/SS(-^«)- Then the first equality 
follows from (111.81) . We see that A is independent of the choices with 
the following remark. Let f/' C M x M and y C M x M x ]R>o be 
open subsets such that U' C biV'). Let Ai,A2 C T*U' such that 
(g,g-i(Ai)Ur,r-i(Ai))nT*y' = (g,g-i(A2)Ur<,r-i(A2))nt*r. Then 
Ai = A2. 

(ii) To bound supp(F) we apply Lemma [11.61 to each F^. □ 

Definition 13.5. In the situation of Lemma [13.41 we denote by SS^(F) 
the subset A C T*^qU satisfying (fT34D . 
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13.3. Morphisms in D^(k'^). Extending the maps q and r to M x M?, 

we define, for an open subset V of M x R^, 

f*,hy ^ y*y p q^q-^f*{M X M), f*''V = T*V D rdr-^f*{M x M). 
Let {V,F),{W,G) e D^(k^). By Lemma [1331 we liave, setting = 

vnw, 

(13.3) fihom{F,G)\f,y, ~ {^hom{F,G))f,,hyi © {^hom{F,G))f,,syi. 

For an open subset [/ C M x M and sucfi tliat [/ C fe(V^) we liave 
f*'^{U X M) = T*f/ X M and we have natural embeddings i'^: f*U -)> 
f*'''{U X M), t*''^V" ^ t*''^(f/ X M). 

Definition 13.6. For {V,F), {W,G) G D^(k^) we define 

fihom''{F,G) = t'^^j'ynw.if^hom{F,G)\j,„ 

We can see that fihom'^ induces a bifunctor from D^(kf^) to D^{]^j,,^). 
The projection to the first term in (113.31) induces a morphism 

R'Hom{F,G) — )■ Rnv ^.{fihom{F, G)) R'irv'*{^hom{F,G)rp,,hyi). 

where V' = V H W. Applying the functor z~^Rj* we deduce 

(13.4) Hom^'iF, G) R7rc/,(/iW^(F, G)). 

Proposition 13.7. We consider an open subset U o/MxM and F,Ge 
D^(kj)). Then the morphism (113. 4p is an isomorphism. In particular 

HomDb(k^)(F,G) ~ Ih^ H\f*'''V;fihom{F,G)\f,,,y). 

V, Ucb{V) 

Proof. Since the statement is local on U we may assume, up to shrink- 
ing U, that F = ^t/(Fo), G = ^t/(Go) for some Fq, Gq e D^{ku). Then 
the result follows from Theorem 111.51 and Remark lll.8[ □ 

13.4. Inverse image. Let be another manifold and let f : M ^ N 
be a morphism of manifolds. We set / = / x idu : M x M — )■ iV x M. Let 
V be an open subset of x M and let G G D^^Q(ky). We see that / 
is non-characteristic for G and that f~^{G) G D^^Q(k^_i^y^). The base 

change formula also gives (/ x idR^J"^\E'y(G) ~ ^ j-ify^{f~^{G)). We 
leave the following result to the reader. 

Lemma 13.8. The inverse image by f x idjR^Q induces a functor 
/-i; D'^(k^) ^ D^(k^-_,^^p. Moreover, for any G G D'^(k^) we have 

the bound SS^if-^G) C /d/;i(SS^(G)). 
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14. Gluing /i-sheaves 

In this section we see how it is possible to glue /i-sheaves. For two 
subsets Ui, Uj of a given set we use the notation Uij := Ui fl Uj. 

Lemma 14.1. Let Ui,U2 C M x M and V,Vi,V2 C M xRx M>o 
be open subsets. We assume that V C V12, Ui C b{Vi), i = 1,2, and 
U12 C b{V). Then there exist open subsets V- (ZVi, i = 1,2, such that 
Ui C b{Vi') and V; n = V. 

Proof. By shrinking Vi, i = 1,2, we can assume that b{Vi) = U. We 
choose a distance d on M x and we define 

VI = {yeV,- d{y, V \ V2) < d{y, V2 \V,)}U V. 

We define V2 by exchanging the roles of Vi and V2. Then the required 
properties are easily checked. □ 

Lemma 14.2. Let f/i,f/2 C M x M 6e open subsets. We consider 
Fi e D^(kf).), i = 1,2, and an isomorphism ip: Fi\ui2 ^2^12- 
assume that 'Hom'^{Fi, Fi) G D^(k(7.) is concentrated in degrees > 0, 
fori = 1,2. Then there exists a unique fi- sheaf F G {k.^_^^jjj^) with 

isomorphisms ipi'. Fi F'lui, i = 1)2 such that ipi\ui2 = f2\ui2°¥^\ui2- 
Moreover for any open subset U' G U and F' G D^(k[^,) such that 
'Hom^{Fi\uif^u., F'luif^ij-) G D^(kf//nf/J is concentrated in degrees > 0, 
fori = 1,2, we have the exact sequence 

^ HomD.(k. ^ HomDb(kM 

CM.l) ' 

© Homo.(,.,^^^)(F2, F') ^ Eom^.^^.^^^^jF„ F'), 

where HomQb(kM^)(F", F') means HomQb(kM^)(F"|vi/, F'|vi/). 

Proof, (i) We first define F. We choose representatives (yi,Gi) of Fj. 
Then there exist V C V12 such that U12 C fc(V^) and an isomorphism 
if: Gi\v — )■ G2\v which represents if. By Lemma [14.11 we may assume 
that V = V12. Let j j : V^j — )■ U V2 be the embedding. We define 
G G D^(kyiuy2) by the distinguished triangle 

(14.2) ^ Jl!(Gi) © A G A, 

where ai is induced by {Gi)vi2 ~^ Gi and 02 is induced by (p and 
(^2)yi2 ~^ G2. Then & induces ji\{Gi) — )■ G, z = 1,2, and we have 
bi\vi- Gi G\vi- Since 6 o (a^ + 02) = the restriction to V12 = 
gives bi\v = &2|y o Since any point (x, t) G U has a neighborhood 
in M X M X M>o such that W C UiUVi 01 W C U2U V2, the pair 
F := (Vi U V2, G) is a /i-sheaf. Then bi induces ^pi : Fi F|[/., i = 1,2 
such that V2i|i7i2 = '^2\m2 ° If/12 • 
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(ii) Let us prove the second part of the lemma. The morphism in- 
duces T-iom^{F\ui , F')\u'nu, ^ 'Hom''{Fi\u>nu,, F'\u'nu^) ■ This proves 
that 'Hom^{F\ui,F') is concentrated in degrees > and also 

i/°(f/'nt/i2;Hom^(F|t/',F')) ^HomDb(k^ ){Fi,F'). 

Now (114.11) follows from the Mayer- Vietoris sequence associated with 
the covering U = U1UU2 and the object Hom^^Flu', F'). The unicity 
of F follows from ffTO) . □ 

Lemma 14.3. Let U G M xW be an open subset and U = [J^^i Ui G a 
finite covering ofU. We consider fi-sheaves Fi G D^Ck^J, i = 1, . . . ,n, 
and isomorphisms ipji: Filu^^ -^jlc/ij; /^'^ i < h such that, for 
all i < j < k, we have (fikjlui^^ ° fjiluij^ = ^ki\u,,k- assume that 
{Fi, Fi) G D^(k{7-) is concentrated in degrees > 0, for any i. 
Then there exists a unique fi-sheaf F G D^(k^) with isomorphisms 
ipi'. Fi ^ F\u,, i = 1,. . . ,n such that ipi\u,^ = Lpj\u,^o(pji for all i < j. 

Proof. We prove the result by induction on n. The case n = 2 is given 
by Lemma [14.21 

Let us assume the result is true for n — 1. We set U = Ui U U2 
and consider Fq G D'^(kj)) given by Lemma 114.21 with the isomor- 
phisms (fi: Fi Fo\ui, i = I52. The exact sequence of Lemma (14.21 
gives morphisms ipj : -Folc/nc/j — ^ -^j|(7nc/j ! for all j = 3, . . . , n such that 
^j\uinUj o ^i\uinUj = ^jiluinup for alH = 1, 2 and j = 3, . . . , ra. In 
particular we can see that the ipj are isomorphisms. 

Now we apply the case n — 1 to the family Fq, F3, . . . , F„ and the 
morphisms ipj, j = 3, . . . ,n, (pji, 3 < i < j < n. We obtain a /i-sheaf 
F G D^(kf}) and we can see that F also gives a gluing of the original 
family Fi,F2,...,F„. □ 

Proposition 14.4. Let U G M xM. be an open subset and U = IJieN ^« 
a covering of U . We consider ^-sheaves Fi G D^(kj).), z G and 
isomorphisms ipji: Fi\u.. Fj\u.., for all i < j, such that, for all 
i < j < k, we have ipkj\u,,k ° fji\u,jk = fkiluij^- assume that 

'Hom'^ [Fi, Fi) G D^(kf/J is concentrated in degrees > 0, for any i. 
Then there exists a unique fi-sheaf F G D^(kf)) with isomorphisms 
(fi'.Fi^ F\ui, i G N such that (filu,^ = 'f>j\urj ° fji for all i < j. 

Proof. For n G N we set = IJILo^*- Lemma [14.31 gives a unique 
/i-sheaf F^ G D^(k^, ) which glue the Fi, i = 0, . . . ,n, together. 

We set f/- = t/;^ \ Zt^ and = We define Vo = U.^n 

and Vi = lJneN^2n+i- Since Vq is the disjoint union of the we can 
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glue the Fg'^ into Go ^ D''(ky^) (it is enough to give representatives 
{W2n, H2n) of the F!^^ such that the V^2n are disjoint). In the same way 
we can glue the -F2n+i i^^o ^ ^^^Vi)- conclude by Lemma [14. 31 
applied to Go and Gi. □ 



Part 3. Quantization 

15. Quantization as a /i-SHEAP 

Let A C T*-^q{M X M) be a locally closed conic subset and let F G 
©(Ica) be a global object of the Kashiwara-Schapira stack. Assuming 
that F locally admits a representative in Daut^mC^a^xr) we prove 
that it admits a global representative G G D^(kf^), where U is an open 
subset containing iiMxRi^), such that SS^(G) C A. We also check that 
this hypothesis on F is fulfilled as soon as A is a locally closed conic 
connected Lagrangian submanifold of T*^q{M x M) in generic position. 

Definition 15.1. Let U C MxM be an open subset and let A C T*^qU 
be a closed conic subset. We let D5Y(kf}) be the full subcategory of 
D^(k^) formed by the F such that SS''(F) C A (recall that SS''(F) C 
T*^qU is introduced in Definition 113.51) . 

Let f/ C M X M and C M x M x ]R>o be open subsets such that 
h{y) = U. We assume that q: V — ?■ MxM has connected fibers. 
Let A C T*^qU be a locally closed conic subset. Then induces an 
equivalence of stacks 

(15.1) ©(kA) ^ g.,g-i6(k^^^-i(^)). 

Hence the functor s^^^-i^^^ : D|'^^^_,^^^^(kv^) ^ 6(k^^^-i(^)) (see Defini- 
tion 13. ip induces a functor 

(15.2) si. D:((k^) ^ 6(kA). 

Theorem 15.2. Let A C T*^q{M x M) he a locally closed conic subset. 
Let F G ©(kA) he a global object in the Kashiwara-Schapira stack. We 
assume 

(i) for any p = (x; ^) G A there exists a neighborhood Ao of p in K 
and a neighborhood V of x in M x such that -F|ao admits a 
representative in D^*yu^^(ky), 

(ii) for any k <0, we have 'Hom6(k^)(F, F[/c]) = 0. 

Then there exist an open subset U G M xK. and G G D^(kj^) such that 
s^(G) c:^ F in ©(kA), where is defined in (115.21) . 
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Proof. By the hypothesis (i) we can find a countable covering A = 
IJ.gjAj, open subsets f/j C M x M and Fj G D^(kc/.), for each i e I, 

such that SS(Fj) C Aj and the image of Fi in ©(IcaJ is F\\^. 

Fori e I we set Gi = ^[/.(F^) e D^(k^/). Setting Uij = U,n Uj and 
Ajj = Aj n Aj, we find, by Theorem 111.51 and Definition 113. H 

(15.3) HomDb(kM , Gjlc; [k]) ~ H''{Aij; fihom{Fi\u^ Fj\u^^)) , 

for any z,j G / and any A; G Z. By Corollary 13.41 we also have 
H'' fihom{Fi, Fi) ~ 7{om6(kA)(-^5 -^W)Ia»5 ^.ny i E I and any Z G Z. 
By hypothesis (ii) it follows that fj,hom{Fi, Fi) is concentrated in de- 
grees > 0. Hence (115. 3p (with i = j) gives 

HomDb(kM )(Gi, G,[k]) -0 for < 0. 

By Corollary 13.41 again, we obtain from (115. 3p 

HomDb(kM )(G',|c7 ,G'j|c7 ) ^ i/°(Aij;'Home(kA)(F,F)), 

for any i, j G /. We define G HomDb(kM )(G'i|{/„., Gjlf/,,), for j G /, 

as the image of idp by this isomorphism. We have Ukj\uijk ° '^Au^j^ = 
Ukiluijk, for all i,j,k G /. By Proposition 114.41 we obtain G G D^(k^), 
where U = [Ji^jUi, together with isomorphisms : Gi G\u., for 
all i G /, such that Uji = Vj\u^. ov~'^\ui^, hJ ^ ^- Then t/ and G 

satisfy the conclusions of the theorem. □ 

Now we check that hypothesis (i) and (ii) of Theorem 115.21 are satis- 
fied when A is a locally closed conic connected Lagrangian submanifold 
such that the projection A/M>o — )■ M x M is finite. We will use the 
"refined microlocal cut-off lemma" : 

Proposition 15.3. [71 Prop. 6.1.4] Let N be a manifold and x E N. 
Let V C T*N be an open cone such that V is proper. Let F G D^(kAr) 
and let W C T*N be a conic neighborhood of V (1 SS{F). Then there 

exist F' G D*^(kAr) and a distinguished triangle F' ^ F ^ G such 
that SS(G') n 1/ = and T*N n SS(F') C W. 

Lemma 15.4. Let N be a manifold and let A be a locally closed conic 
Lagrangian submanifold ofT*N such that the projection A/M>o ~^ ^ 
is finite. Let p = (x;^) G A. Then there exist a neighborhood U of 
X and F G D'^(k^) such that SS(-F) C Aq, where Aq is the connected 
component of Ad T*U containing p, and F is simple along Aq. 

Proof. By Lemma 13.91 there exists a neighborhood of p in T*N and 
F G D^(kAr) such that SS(F) n fi C A and F is simple along A at p. 
Up to shrinking fi we can assume that T*N fl fi fl A = M>0'C- 
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We choose an open convex cone V C T*N such that ^ & V, V is 
proper and V C T*N n Q. Hence V fl S'S(F) = M>oC. In particular 
W := V is a. neighborhood of V" fl SS(F). By Proposition 115.31 there 
exist F' G □'^(k^v) and a distinguished triangle F' ^ F ^ G such 
that SS(G) n 1/ = and T^N n SS(F') C W. 

Since microsupports are closed conic subsets there exists a conic 
neighborhood Vi of V in T*N such that SS(G)nl/i = 0. Hence SS(F')n 
Vi = SS(F)nVi C Ani/i. Since T*NnSS{F') cW = V,it follows that 
T*N n SS(F') C AnV = ]R>o^- Using once again that microsupports 
are closed and conic we deduce that, for any conic neighborhood V2 
of M>o^ in T*N, there exists a neighborhood ?7 of x in such that 
f*U n SS(F') C f*U n V2. We choose V2 such that A n is the 
connected component of A fl Vi containing p. Shrinking U we may 
assume that T*U nAnV2 also is connected and this gives the lemma. □ 

Corollary 15.5. Let A C T*^q{M x M) he a locally closed conic con- 
nected Lagrangian submanifold such that the projection A/R>o M x 
M is finite. Let F e (3^(kA) be a pure object in the Kashiwara-Schapira 
stack. Let L e Mod(k) be such that mx,i{F) ~ L[d] for some I G 
and (i G Z. We assume that Ext*(L,L) = for all i > 0. Then there 
exist an open subset U C M xM. and G G D|Y(kf^) such that s'^^G) ^ F 
in & {k\). 

Proof. By Lemma [15.41 we can find a countable covering A = [J-^jAi, 
open subsets [/j C M x M and Fi G D'^(k^-), for each i E I, such 
that Aj is a connected component of A fl T*Ui, SS(Fj) C Aj and Fi is 
simple along Aj. We can also assume that Aj is contractible. Then, up 
to shifting Fi by some integer, there exists an isomorphism in (5(kA.), 
for each i E I, Ui: F\j>^. S/<^-{Fi ® L). Now the result follows from 
Theorem 115.21 □ 

16. From /i-SHEAVES to sheaves 

In Theorem 115.21 we have given conditions so that a global object 
F G <3(kA) admits a representative G G D|Y(kf^). Now we want to 
build a representative in D^^^* cmxM')(^^^xik)- Lemma [16.21 below is 
a first step between D\ik'^) and D^^^. (Mxmi^MxR)- 

16.1. Restriction near the boundary. For m G M we define the 
translations: 

T„ : M X M ^ Af X M : T*(M x R) ^ T*{M x M) 

^^^'^^ t-)- (x,t + n) {x,t]C,,T) {x,t + u]C,,r). 



62 



STEPHANE GUILLERMOU 



We define the map p: T;>o(M x M) ^ T*M, (x, t; ^, r) ^ (x; {/r). We 
will often consider the following condition on the subset A of T*(MxM): 

{A is a closed conic subset of T^>q(M x M), 
A/M>o is compact, 
p induces an injective map A/]R>o T*M. 

Lemma 16.1. Let A C T*yQ{M x M) he a conic subset such that p 
induces an injective map A/]R>o ^ T*M. Then the translated sets 
T^{A), u G M, are mutually disjoint. 

Lemma 16.2. Let A C T*^q{M x M) be a closed conic subset satisfy- 
ing (116. 2p . Let U be an open subset o/M x R such that A C T*U and 
let F G D^(kf)). Then there exist e > and G G □'^(Icmxr) such that 

(i) SS(G) C A U T,'(A) U Tl,,^{M x R), 

(ii) suppG C U«G[o,e]^«('^AfxR(A)), 

(iii) 5a{G) ~ s^(-^) ii^ &0^\) (where Sa and s'^ are defined in Defi- 
nition\3J\ and ffTO) ). 

Proof. Let V C M x M x M>o be an open subset such that b{V) = U and 
F admits a representative in D''(ky). Let us set 5" = tt^xmIA). This is 
a compact subset of U. By Lemma [13.41 we have supp(F) C (jyi^S)r]V. 
For e > we set = UmgIOe] '^u{S). When e is small enough this is 
still a compact subset of U and we have 

(16.3) supp(F|yn(c/x]o,e])) cVn{SsX]0,e]). 

Since b(y) = U we can choose e so that SeXjOje] C V. Let us set 
Vs = V n{M xRx {e}). Then F, := G D^(kyJ has a compact 
support. We let G G D^(kMxR) be its unique extension by to M x M. 

Then the assertion (i) follows from Lemmas 113.41 and 116.11 The 
point (ii) is given by (116. 3p . Since A and T^'(A) are disjoint, G belongs 
to D^^^(kjvfxR), and we can consider Sa(G). Then (iii) follows from the 
equivalence (115.11) . □ 

16.2. Hamiltonian isotopy. The object G given by Lemma 116.21 is 
not a quantization of A because its microsupport contains the term 
Tg'(A). The next step is to use a Hamiltonian isotopy which sends 
A U T^{A) to A U T^_,_g(A) for u arbitrarily large. For this we will need 
the main result of [3] that we quickly recall now. 

Let us first recall the definition of the composition of kernels con- 
sidered in [7]. Let Mi, i = 1,2,3, be manifolds. We write for short 
Mij := Mi X Mj, I <i,j <3, and Mu3 = Mi x M2 x M3. We denote 
by Qij the projection M123 — M^j. Similarly, we denote by pij the pro- 
jection T*Mi23 — T*Mij. We also define the map Pi2", the composition 
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of pi2 and the antipodal map on T*M2. The composition of kernels is 
defined by 

o:D^(kM,JxD'^(kM,3)^D'^(kM.3) 

(16.4) 

{Ku K2) ^KioK2 := Rgi3,(gr2^i^i ® ^23^ ^^2). 

For subsets Ai C T*Mi2 and A2 C T*M23, we define in the same way 

Ai o A2 :=pi3(p^2"Ai ripaa^Aa). 

Let Ai = SS(A'j) C T*Mj^j+i and assume that pi3 is proper on p72"Ai H 
p^3^A2. Then it follows from Theorem 12.51 that: 

SS(A'i o K2) C Ai o A2. 

When Ml = M2 = M3 = M, we have a natural canditate for an inverse 
of a kernel. We define f : M x M — )■ M x M, [x, y) (y, x) and we 
set, for K e D^(kMxM), 

(16.5) R-^ = v-^KHom{K, com ^ ^m)- 

Then there exists a natural morphism o K ^ ^^m- 

Let M be a manifold and let / be an open interval of M containing 0. 
We consider a homogeneous Hamiltonian isotopy (p: T*M x I ^ T*M 
of class C°°, that is, is a C°°-map and, denoting by 0f : T*M x {t} — )■ 
T*M the restriction at time t, we have 

(i) (pt is a homogeneous symplectic isomorphism for each t & I, 

(ii) 00 = idf,j^,j. 

The graph of (pt, twisted by the antipodal map, is the Lagrangian 
submanifold of T*{M x M) given by F^^ := {(xi, X2; ^1, ^2); (a^i;^i) = 
0t(a;2;-6)}- We let F^ C T*(Mx M) x / be the union of the F<^„ t G /. 
It is not difficult to check that there exists a unique conic Lagrangian 
submanifold A^ C T*{M x M x I) which is identified with F^ through 
the projection induced by T*I — /: 

A^c ^ f*{M xMxI) 

F^c ^ T*(M X M) X I. 

Theorem 16.3. (Theorem 3.7 of p].) We consider a homogeneous 
Hamiltonian isotopy 0: T*M x J — )■ T*M of class C°° . Then there 
exists a unique K G D(kMxMx7') satisfying 

(i) for any compact subset CcMxMxIwe have K\c G □''(k^;), 

(ii) SS{K) = A^, 

(iii) Ko ~ kA, where Kt := -R'ImxMxO} for any tel. 
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Moreover, both projections supp(-R') ^ M x I are proper, and we have 
Kt o ~ K;^ oKt-kA for all t e I. 

We can then check that K is non-characteristic for the embeddings 
it: M X M X {t} ^ M X M X I and that we have SS{Kt) = T^^. For 
any F G D^(kM) we also obtain SS{Kt o F) = 0t(SS(F)). 

In the next paragraph we will apply Theorem 116.31 to the following 
Hamiltonian isotopy. In the situation of Lemma 116.21 we can find a 
Hamiltonian isotopy which keeps A fixed and translates T^{A). 

Lemma 16.4. Let A C T*-^q{M x M) be a closed conic subset sat- 
isfying (116.21) . Let e > and A > be given. Then there exist a 
neighborhood Q of A in T*{M x R) and a homogeneous Hamiltonian 
isotopy 0: T*(M X R) X R ^ T*(M X M) of class C°° such that, for 
all s G [0,yl], we have (f)s\n = idn and (f)s(T^{A)) = T^_^^{A). 

Proof We set A' = U^^jo^^] T^'+,(A). Then A7M>o is compact. By 

lemma [T6. II the sets A and A' are disjoint. Let Q, Q' C T*M be disjoint 
conic neighborhoods of A and A' such that f2/]R>o and f2'/]R>o are 
compact. We choose a C°°-function h: t*{M x R) — )■ R such that h 
is homogeneous of degree 1, h\^ = 0, h\n/ = — r and supp(/i)/M>o is 
compact. Hence the Hamiltonian flow of h, say 0, is defined on R. 
Since the Hamiltonian vector field of the function — r is H_t- = d/dt 
we have (j)s{x,t; ^,t) = {x,t + s; C,,t), for all (x, t;^,r) G fl', and the 
lemma follows easily. □ 

16.3. Quantization as a sheaf. Now we sum up the results in para- 
graphs 116.11 and 116.21 to deduce the existence of a quantization. 

Theorem 16.5. Let A C T*^q{M x R) be a closed conic subset satisfy- 
ing (116.21) . Let F G 6(kA) be a global object in the Kashiwara-Schapira 
stack satisfying hypothesis (i) and (ii) of Theorem \15.S[ Then there ex- 
ists G G D*^(kA/xiR) such that 

(i) SS(G)cAUTX,,jMxM), 

(ii) GImxW ~0/ort <0, 

(iii) Sa(G') — F (where Sa is given in Definition \3.1\ ). 

Proof, (a) By Theorem 115.21 there exist an open subset f/ C M x R 
and Gi G D|^(k^) such that ~ F in 6(kA). By LemmaflOwe 

deduce G2 G D*^(kjv/xK)5 with compact support, such that SS(G'2) C 
A U T,'(A) U T;,^j,(M X R) and s^^G^) ^ F. 

(b) Since A/R>o is compact we can find a < 6 G R such that A C 
T*(Mx]a, By Lemma [16.41 there exists a neighborhood f2 of A in 
T*{M X R) and a homogeneous Hamiltonian isotopy 0: T*{M x R) x 
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M f*{M X M) of class such that, for all s e [0,b - a], we have 
0,|n = ido and 0.(T,'(A)) = T^+M)- 

(c) Let K G D(k(A,f xm)2xr) be the sheaf associated with (p by The- 
orem I16.3[ We set G' = K o G2 E D(kMxMxR)- We recall that 
K satisfies condition (i) in Theorem 116.31 and that the projections 
supp(-ft') =^ (M X M) X R are proper. Since G2 has a compact sup- 
port, it follows that, for any compact interval / of M, the restriction 
G'ImxRxi also has a compact support and belongs to D^(kMxi8x7)- For 
s e M we set G'^ = G"|a/xKx{4 - Ks o G2 e D^(kMxiR)- Then, for any 
s G [0, 6 — a], we have 

SS(G;) = 0.(SS(G2)) C A U T,V,(A). 

In particular SS(Gfe_„|Mx]b,b+e[) C T^^^^M xR) and G^^^lA/xib.b+ef has 
locally constant cohomology sheaves. 

(d) We set L = G[_Jpj^_^fj_^_i^y Then L G D^(kA/) has locally constant 
cohomology sheaves and we define G by gluing G'ij_ J mx]- 00, b+e[ 
-^Mx]b,+oo[! that is, we define G by the distinguished triangle 

LMx]b,b+e[ ~^ {G'h^a) M x]-oo,b+e[ © -^Mx]b,+oo[ " ^ G . 

Then G clearly satisfies (i). Since G'fj_^ has a compact support, G also 
satisfies (ii). Since G ^ 6*2 in D'^(kjvf xr; ^) "we obtain (iii). □ 

Corollary 16.6. Let A C T*yQ{M xM.) be a closed conic connected La- 
grangian submanifold such that A/M^^q is compact and the map AfR^Q — ?■ 
T*M, (x,t;^,r) H- (x;^/r), is an embedding. Let F G <3^(kA) be a 
pure object in the Kashiwara-Schapira stack. Let L G Mod(k) be such 
that mA,z(-^) — L[d] for some I G Ua and G Z. We assume that 
Ext*(L,L) = for all i > 0. Then there exists G G D^(kMxK) such 
that 

(i) ss(G)caut;,xm(MxM), 

(ii) G\Mx{t}^0 fort<t:0, 

(iii) Sa{G) - F. 

Proof. By Theorem 116.31 we may move A by a Hamiltonian isotopy. 
Hence we can assume that A satisfies 016.21) and the result follows from 
Theorem 116.51 and Corollary 115.51 □ 

Remark 16.7. The assumption on A in Corollary 116.61 is equivalent 

to 

A = {(x, t; r); r > 0, (x; ^/r) G A, t = -/(x; ^/r)}, 

where A C T*M is a compact exact Lagrangian submanifold and 
/: A — M satisfies df = omIa- By Theorem 18.31 the existence of a 
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simple global object in &(kA) is equivalent to the vanishing of the 
Maslov and relative Stiefel- Whitney classes of A. This vanishing is 
proved by Kragh in [8]. 

17. In VARIANCE BY TRANSLATION 

In this section we study cohomological properties of the sheaves ob- 
tained in Theorem 116.51 The main result is Theorem 117.101 We will 
later need a pull-back to the universal cover of M. Hence we con- 
sider conditions on A C T*[M x M) which are slightly more general 
than (ITOD : 

{there exist a locally trivial covering a: M ^ N and 
Ajv C T;>o(iV X M) satisfying ffTO) such that A C 
/3d/3-^{AN), where (3 := a x id^: M x R ^ N x R. 

17.1. The morphism to the translated sheaf. We have defined 
Tu, n G M, in (116. ip . Recall also the category D^>Q(kA/xR) intro- 
duced in Definition 18.71 The direct image by T„ induces a functor 
from D^>Q(kMxR) to itself. We have the following lemma from [TT] . 
where 

(17.2) qM-.MxR^M 
denotes the projection. 

Lemma 17.1. /^ [TTl §2.2.2], see also [U §5]j For any u > there exists 
a morphism of functors r^: idob^^^j^^^^j^) — )■ T„^, such that induces 

isomorphisms, for any F G D^>Q(kjvf xr); 

RqAuiruiF)): RgM,(F) ^ RgM,T„,(F), 
RqMiiMF)): RqMiiF) ^ RqMiT^.{F), 

which coincide with the natural isomorphisms obtained from RqM* — 
R{qM o Tu)^ ~ RqM^Tu* and RqMi ^ R{qM o T„), ^ RgA/!^^*- 

We will also use the following result. 

Lemma 17.2. Let F G D^(kA/xR)- We assume that there exists A > 
such that supp(F) C M x [— A, yl]. We also assume either SS(F) C 
T;>o(M X R) or SS(F) C T;<o(Af x M). Let pu - M xR ^ M he the 
projection. Then Rp}^[^{F) ~ 0. 

Proof. By base change we may assume that M is a point. Then the 
result follows from the "Morse lemma" Corollary 12.71 □ 
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17.2. Bounds for the microsupports. Lemma 117.31 below will be 
used to bound some microsupport in Proposition 117.91 Lemma 117.51 
gives a bound for the microsupport of the direct image by a covering. 
We define the maps 

g: M X R X M ^ M X M, {x,t,u) ^ {x,t), 

(17.3) r: M xRxR^ M xR, {x,t,u) ^ {x,t - u), 
p:M xRxR^R, {x,t,u) ^ u. 

We consider a closed conic subset A C T*^q{M x R). We set Aq = 
AUT*j^^{M X R) and 

(17.4) A' = q,q;\A^,)+r,r;\Ao). 

We use coordinates (x, t, u; ^, r, v) on T*(M x M x M). 

Lemma 17.3. We assume that the map p, (x, t;^,r) H- (x;^/r), in- 
duces an injective map A/M>o ^ T*M . Then we have 

(17.5) qdq~\Al) H r^r^^Ao) C n,,^,^{M xRxR), 

(17.6) A' C {(x, t, u; ^, T, v) eT*{M xRxR); v< 0}, 

(17.7) A' n (r;,,j,(M x m) x t*(m \ {o})) = 0. 

In particular p^p^\A') C T]^M U {(0; t;); v <0}. 

Proof, (i) Let us assume that (x, t, u; ^, r, v) is a point in the intersec- 
tion ffT731) . Hence it belongs to qdq~^{T*{M x R)) nrdr-^{T*{M xR)). 
Hence v = and t + v = 0. Then r = and we find (x, t; ^, 0) G Aq. 
Since A C T*^o{M x R) we obtain ^ = 0. 

(ii) We have qdq~^{A^) C {v = 0} and r^r"^ (Aq) C {r > 0, r + i; = 
0} C {t; < 0}. Then (^W) follows. 

(iii) We assume that A' contains a point (x, t, u; 0, 0, v) with t; 7^ 0. Let 
us prove that this implies u = 0, which will give (117. 7p . 

By definition of A' there exists {^i,Ti,Vi) e T*^^^^{M xRxR), i = 
1, 2, such that ^1 + ^ = 0, T1 + T2 = 0, Vi + V2 = v, (x, t, u; ^1, ti,vi) e 
^^^""^(Aq) and (x, t, u; ,^2, T2, f 2) ^ '^^'"^"^(Ao)- The last two conditions 
give vi = 0, (x, t] -^1, -Ti) e Ao, r2 + 1;2 = and (x, t - u; ^2, ^2) e Aq. 
Summing up we find ^2 = —^1, T2 = —ti = —v, {x,t; ^2,^2) € Aq and 
{x,t- u;^2,r2) E Aq. 

Since T2 = —v 7^ we even obtain (x, t;^2,T2) G A and (x, t — 
1^] ^2, T2) E A. Both these points of A have the same image by p. By 
the hypothesis on A they also have the same image in A/M>o, which 
implies (x, t) = {x,t — u). Hence m = 0, as required. □ 
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Lemma 17.4. Let X, Z be manifolds. Let qx - X x Z ^ X be the 

projection and 6 = 6x x idz :XxZ^XxXxZ the diagonal 
embedding. Let K G □'^(k^xx) be a kernel such that both projections 
T*{X xX)^ (T*X) X X andT*{X X X) ^ X X T*X are proper on 
SS{K). We set L = 5\q^K. Then, for any F G D^(kxxz), we have 
Kqx^{L~^ o F) ^ o Rgjs^^F, where {■)~^ is defined in f ll6.5p . 

Proof. The hypothesis on SS(-ft') gives both a properness property and 
a non-characteristicity property. It imphes, for any G G D^(kx), 

K-^oGc^ Rqv{ir^Rnom{K, Um ^ k^) ® q2^G) 
~ RquRHomiv-^K, com ^ q2^G), 

where qi: X x X ^ X is the projection to the i*^-factor. A similar 
result holds for L and F. Then the lemma follows from the adjunction 
formula Rqx ^^R'Hom^q^^ ■ , ■) ~ R'Hom(-, Rqx^,-)- O 

Lemma 17.5. Let X,Y be manifolds and let a: X ^ Y be a locally 
trivial covering. Let S C T*Y be a closed conic subset and let F G 
Di^(kx) such that SS(F) C ada;;\S). Then SS{a,XF))USS(Ra,{F)) C 
S. 

We assume moreover that Sr\T*Y is a smooth Lagrangian manifold. 
Then, for any Cartesian square, 

X'^^X 

a' a 

Y' ^^Y, 

where Y' is a submanifold ofY , we have i^^Ra^F Ra'^,i'"^F and 
va\F ^ a'\i''F. 

Proof, (i) The first part of the lemma is Lemma 1.15 of [1]. 

(ii) Let us prove the isomorphisms of the second part. The sec- 
ond isomorphism follows from the first by adjunction. To check that 
i~^Ra^F — Ra'*z'~^F is an isomorphism is a local problem on Y, so 
we may assume that F = M" and X = x Z, for some discrete set 
Z. By Theorem 116.31 and Lemma 117.41 we may move S fl T*M" by 
any Hamiltonian isotopy of T*M". Hence we can assume that S* is a 
subanalytic manifold. 

By Lemma 8.4.7 of [7] it follows that, for any x G M", there exists an 
open ball B containing x such that Rr(i? x {z}; -F|r"x{z}) — ^ ^ix,z) is 
an isomorphism. We notice indeed that the ball given by loc. cit. only 
depends on SS(F) and not on F. Hence the same ball works for all 



QUANTIZATION OF LAGRANGIAN SUBMANIFOLDS 69 

z ^ Z and, for the same reason, we have Rr(i?; Ra^^F) (Ra*F)a,. 
Now the lemma follows from 

Rr(5; Ra,F) ~ ^YioT^B- F) - Uzez Rr(5 x {z}; F\^^^{,^). □ 

17.3. Invariance of global sections. In this section we will use Sato's 
distinguished triangle for fihom (see fl2.4p and fl2.8p ) in a case where 
F is not cohomologically constructible. Hence we cannot replace the 

L 

expression (12. 7p by D'(F) ® G and we introduce the following notation. 

Definition 17.6. Let X be a manifold. Let qx,i,Qx,2 - X x X ^ X 

be the projections and 6x'- X ^ X x X the diagonal embedding. Let 
F,F' e D^ikx). We set 

(17.8) Hom{F, F') := d^^KHom^qx^F, Qx^F'). 

Then (12.21) - (12.71) give a distinguished triangle, for any F, F' G D^(kx), 
nom'{F, F') Rnom{F, F') 

(17.9) 

R'hM*{.l^hom{F,F')\f,j^j) — > . 

Lemma 17.7. (i) Let f : X ^ Y be a morphism of manifolds. Let 
F,F' e D^(ky) such that f is non- characteristic for SS{F) andSS{F'). 
Then 

f~^Hom'{F, F') ^ Hom\f^^F, f^^F'). 

(ii) Let F,F' G D'^(kx) such that SS(F) n SS(F') C TJX. Then 
SS(nom'{F,F')) C SS(F)'^ + SS(F'). 

Proof, (i) We use the notations of Definition 117.61 We set 
G = KHom{qylF,qy\F'). Then SS(G) C SS(F)« x SS(F') is non- 
characteristic for f X f. Hence (/ x fY^G — {fx f)-G ® i^xxx|yxr 
by Theorem ESI- (iii). We also have (/ x f)-qy\F' -{fx fy^q'^^F' ® 
<-^xxx\YxY and we deduce the isomorphisms: 

f~^Hom'{F,F') ~ f~^6y^RHom{qy^F,qY\F') 

^ 5x{f X f)-'Rnom{qy^,F,qy^,F') 

^ 6^'RHom{{f X f)-\ylF, (/ x fr^y^F') 

^5~^^RHom{q-^\F,q~^\F'). 

(ii) follows from Theorem 12. 51 - (i) and (iii). □ 

Lemma 17.8. Let I he an open interval ofM. containing 0. Let G G 
D^(k/) such that SS(G) C T/J U {(0;u); v < 0}. Then, for any 
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n G / n ]R<o and v E I H M>o we have canonical isomorphisms 

(17.10) Go<^RT{I;G)^Gu, 

(17.11) RT{o}G ^ RT,{I; G) <^ RT{^yG. 
Proof. Corollary 12.71 implies, for any a<b<c<d in I, 

(17.12) RT(\a,d[;G) ^RT{]b,c[;G) if 6 < c and 6 < 0, 

(17.13) RT[t,c]{I; G) ^ Rr [,,,](/; G) if < c. 

For a given m G / fl M<o we choose b < u < c and we let b,c ^ u 
in (I17.12|) . We obtain RT(]a,d[;G) ^ Gu- Letting ]a,rf[ grow to / 
we obtain (117. lOp . The isomorphisms (117.1 ip follow in the same way 
from i njA3^ . □ 

Proposition 17.9. Let a: M ^ N be a locally trivial covering and 
let A C T*(M X M), C T*^q{N x R) be closed conic Lagrangian 
submanifolds such that f ll7.ip is satisfied. Let F,F' G D'^(kj\/xR) such 
that 

(i) SS(F) U SS(F') c T*,,i,(M X M) U A, 

(ii) F\Mx{t} ^ F'\Mx{t} ~ /or t < 0. 

Then, for any u > 0, the morphism Tu{F') of Lemma 17.1 induces 
isomorphisms 

RT{M X M; Rnom{F, F')) ^ RT{M x M; RHom(F, T„,F')), 

RT{M X M;?/om'(F,F')) ^ Rr(M x M; Hom'(F, T„,F')). 

Proof, (i) Since AAr/M>o is compact we can choose A > such that 
A C T*(Mx] - A, A[). We choose B > A. We have the distinguished 
triangle 

(17.14) Fmx]-oo,B[ F ^ Fmx[B,+od[ • 

We will prove the isomorphisms of the proposition with F replaced by 
Fmx]-oo,b[ (in parts (ii) and (iii) below) or by Fmx[b,+oo[ (in part (iv)). 
We set, with the notations q,r of (117. 3p . 

K = R?{om(g"i(FMx]-oo,B[),r^^F'), 

L = 'Hom'{q~\FMx]-ooM)^r~'^')- 
For n G M we define the embedding M x M M x M x M, 
{x,t) I— )■ {x,t,u). Then (117. 15p below follows from standard adjunc- 
tion formulas. By Theorem I2.5l -(iii). objects of the type q~^{-) and 
r~^(-) are non-characteristic for Hence Lemma [17.71 gives (117. 16p : 

(17.15) iK ~ Rnom{FMx]-oo,B[^T^.F')[-l], 

(17.16) i~^L ~ ■Hom'{FMx]-oo,B[^ T^*F'). 
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(ii) We set Ib =]-oo, B-A[ and = Tl^M x {{B;t);t > 0}. Recall 
Ao = AUT;j^^{MxR) and A' defined in (^IM>. Then SS(Fa/x]-oo,b[) C 
Ao U Afi. Since the intersection 7rj,/xRxR(A') n (M x M x J^) n (M x {fi} x 
M) is empty, we deduce from Corollary 12 .Gt Lemma [17.71 and (117. 5p that 

(17.17) SS(J^U/xRx/J U SS(L|mxRx/J C A'^ n T*{M xRx 1^), 
where A'^ = A' U (A^ x T^R). 

Let p' : X M X M M, {y,t,u) i-)- n be the projection. We have 
p = p' o (a X idR2). By Lemma 117.31 and by the definition of A^ we 
have PnPd\A'B) C TiR U {(0; t;); < 0}. 

Let C C be a compact subset such that 7rAr(AAr) C Cx] — A, A[. 
Then, by the hypothesis (i) and (ii), we have F|q--i(c)xr — 0. It fol- 
lows that p' is proper on (a x idR2)(supp i^) and (a x idR2)(supp L). 
Using p = p' o (^a X idR2), we deduce from (117. 17p . Lemma 117.51 and 
Theorem 12.51 

(17.18) SS{Rp,K) U SS(Rp,L) C T^R U {(0; v); v < 0}. 

(iii) Lemma [17.81 and (117. 18p give 

(17.19) Rr{o}(Rp*i^) ^ Rr{„}(Rp,i^) if M G [0, 5 - A[, 

(17.20) {Rv*L)q - {Rp,L)„ iiv<0. 

Then the base change RT^^yiRp.K) ~ Rr(M x R;ilK) and ( nTWf 
give ( I17.22P below. Let : x M x {t;} x M x M be the inclusion. 
We have 

(Rp^L)^, ~ (Rp',R(a X idR2)^L)^ 

~ Rr(A^ X M; C^R(a x idR2) L) 
(17 21) ^ V \ K ;* ; 

^ ■ ' ~Rr(A^xM;R(axidR),z;^L) 

^ Rr(M X R;t-^L), 

where the first isomorphism follows from the fact that p' is proper on 
(a X idR2)(supp L), the second one from the usual base change and the 
third one from Lemma [HSl Then IHTMf and (^T22> give ffT7:23|) : 

(17.22) RT{M xR;r^K) ^RT{M xR;r^K) ifue[0,B-A[, 

(17.23) Rr(M X M; i-^L) ^ RT{M x R; z'^L) if w < 0. 

(iv) For a given u > we have F'|]A+n,+oo[ ^ {Tu^F')\^a+u,+oo[- Hence 
for any B > A + u, we obtain 

Rnom{FMx[B,+oc[, F') R'Hom{FMxiB,+oo[,Tu^F'). 
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Together with ( I17.22|) . (I17.15|) and the distinguished triangle (I17.14p . 
this gives the first isomorphism of the proposition. The second one 
follows in the same way from f ll7.23p and (117. 16p . □ 

In the situation of Proposition 117.91 we choose A > such that 
A cT*(Mx] -A,A[). We set 

(17.24) L = F\mx{a+i}, L' = F'\mx{a+i}- 

Since SS(F) n T*(M x (R \ [-A, A])) is contained in the zero section, 
L has locally constant cohomology sheaves outside M x (M \ [—A, A]) 
and we obtain 

(17.25) F\mx]a,+oo[ ^ k]A,+oo[, F\mx]-oo-a[ ^ 0. 
The same result holds for F' and L'. 



Theorem 17.10. In the situation of Proposition \T77^ we define L, L' E 
D^(kA/) by IHTm . Then 

(17.26) RT{M X M; RHom{F, F')) ^ RT{M; RHom{L, L')), 

(17.27) RT{M X R; nom{F, F')) ~ 0, 

(17.28) RT{M X R; RHom(F, F')) ^ RT{A; fihom{F, F')). 
In particular we have a canonical isomorphism 

(17.29) RHom(L, L') ^ Rr(A; fihom{F, F')). 

Proof, (i) Let us prove (117.261) . Let pm : M x R — )■ M be the projection. 
Let us choose A > so that f ll7.25p holds for F and F' and let u > 2A. 
Hence supp(Tu^F') C Mx]A, +oo[ and we obtain 

RpM.RnomiF, T^,F')) ~ RpM.RV-om{pl}{L),T^,F') 

^RHom{L,RpM,T^,F'). 

Let us set G = {Tu^F') (g)kMx]-oo,A+u[- By (I17.25P we know that T„^F' 
has locally constant cohomology sheaves in a neighborhood of Mx {^4+ 
u}. We deduce that SS(G') C T*^q{M x R). By Lemma[I72]we obtain 
RphuiG) ^ 0. By (117. 25p again we have the distinguished triangle 

k[A+M,+oo[ ^- Hence we obtain RpM^T^^F' ^ 
RpM,{L'^k[A+u,+ooi) ^ L'. By we have RpM,R?^om(F, T„,F')) 

^ R'Hom{L,L') and we conclude with Proposition 117.91 

(ii) Let us prove (I17.27p . We choose A and u as in (i). By (I17.25P 
we have F\mx]-oo-a[ - and T_u^F'\mx]-a,+oo[ ^ k]_A,+oo[- We 
deduce the distinguished triangle 

-Hom'iF, L' M k]^,+„o[) ^Uom'iF, T^^^F') 
(17.31) ^, 

^-HomXF^L'M^.A^A])^ . 
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We have SS{nom'{F, L'Mk[^A,A])) ^ T*^oiMxR). By Lemma[I72]we 
deduce RpM^i'Hom'^F, L' Kl k[_^^^])) ~ 0. Since F is locally constant 
on M X [A, +oo[, we also have RpM^CHom^F, L' M \<i]A,+oo\)) - 0. We 
conclude with the triangle fll7.3ip and Proposition 117.91 as in (i). 

(iii) The isomorphism (117. 28p follows from f ll7.27p and the distinguished 
triangle ([HS]). □ 

Remark 17.11. We have recalled in f l3.2p that fihom admits a com- 
position morphism (denoted by o in Notation 13. 5p compatible with the 
composition morphism for KHom. In particular the isomorphism (117. 28p 
is compatible with the composition morphisms o and o. Since (117. 26p 
is clearly compatible with o, we deduce that (117. 29p also is compatible 
with o and o. 



18. Behaviour at infinity 

In this section we restrict to the case where the subset A of T*^q{M x 
M) is a smooth Lagrangian submanifold satisfying (116. 2p . We deduce 
from Theorem 117.101 some information on the restriction of a quanti- 
zation of A along M x {t}, for t 3> 0. 

We first give a general lemma on the stalks of a simple sheaf in the 
following situation. Let be a manifold and let A C T*N be a smooth 
closed conic Lagrangian submanifold. We set 

Za = {x E 7rAr(A); there exist a neighborhood W of x and a 

smooth hypersurface S CW such that A fl T*W C TgW}. 

Lemma 18.1. Let N be a connected manifold and let A C T*N be a 

smooth closed conic Lagrangian submanifold. Let x,y G \ 7rjv(A). 
Let I be an open interval containing and 1. Then there exists a C°° 
embedding c: I ^ N such that c(0) = x, c(l) = y and c([0,l]) only 
meets 7r7v(A) at points of Z\, with a transverse intersection. 

Proof, (i) Let n be the dimension of A^ and let B C M*^"^ be the open 
ball of radius 1 and center 0. We choose a C°° embedding 7 : Bxl ^ N 
such that 7o(0) = x and 7o(l) = y, where 7^ := 7|{s}x/ for s E B. For 
example we can define 7 by integrating a vector field which admits an 
integral curve from x to y. We may also assume that 7(5 x {0}) and 
7(5 X {1}) do not meet 7rAr(A). 

We choose 7': 5 x J x M" T*N so that 7^ := 7|{s}x/xR" is a 
trivialization of 7s(/) Xn T*N. Then 7' is an open embedding. In 
particular 7' is transversal to A. 
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(ii) By the transversality theorem there exists s G -B such that 7^ is 
transversal to A. In particular A fl 7s([0, 1] x M") consists of finitely 
many lines, say M>o ■ Pi, i = 1, . . . ,N. The transversality also implies 
that Vi := TpA n TpXl'.il x M")) is of dimension 1. We write Pi = 
jg{ti,Vi) and Xi = 'jsiti). Since TpA fl TpT*.Nis contained in V^, it 
is also of dimension 1. This means that itatIa: A — is of maximal 
rank n — 1 aX Pi. Hence there exists a neighborhood Vti of pi and 
a smooth hypersurface Si around Xi such that A fl f2j = T^.N fl 
If Xi = Xj for i ^ j, then Si and Sj meet transversally at Xi and 
5*4 n Sj is a submanifold of codimension 2 in a neighborhood of Xi. 
Hence, by deforming 7^, we can assume moreover that 7s([0, 1]) avoids 
Si n Sj. Then all Xi are distinct and belong to Z\. We also see that the 
intersection of Si and 7s(/) is transversal. By joining x to 7s (0) and y 
to 7s (1), we obtain the embedding c of the lemma. □ 

Lemma 18.2. Let N be a connected manifold and let A C T*N be a 
smooth closed conic Lagrangian submanifold. Let F e D'^(k7v) be such 
that S'S(F) C A and F is simple along A. We setU = N\ 7rAr(A). We 
assume that there exists Xq eU such that H^Fx^ is free over k, for all 
z G Z. Then H^Fx is free over k, for all x E U and all i E^L. 

Proof, (i) Let x E U and let / be an open interval containing and 
L By Lemma 118.11 we can choose a path 7: / — such that 
7(0) = Xo, 7(1) = X and 7([0, 1]) meets 7riv(A) at finitely many points, 
all contained in Z\ and with a transversal intersection. We denote 
these points by 7(^4), where < ti < ■ ■ ■ < < 1. 

(ii) The stalk F^i^t) is constant for t G]ti,ti+i[. By Example 13. 8[ for 
< t < ti < u < tj+i, the stalks and F^(^u) differ by k[(ij], for 
some degree di G Z. Hence WFryit-^ is free over k, for all z G Z, if and 
ony if the same holds for F^i^^)- The lemma follows. □ 

Theorem 18.3. Let A C T*~^q{M x M) be a smooth connected La- 
grangian submanifold satisfying (116. 2p . Let F G D^(kjvfxR) be such 
that 

(i) SS(F)crWMxM)uA, 

(ii) F is simple along A, 

(iii) FImxW ~0/ort <0. 

Lei A G M be such that A C T*{M x] - 00, A\) and set L = F\mx{A}- 
Then L ~ L'[d], where d G Z and L' is a local system on M whose stalk 
is free of rank 1 over k. 

Moreover the projection timxrIa- A — M x M induces an isomor- 
phism Rr(M; kA/) ^ Rr(A; kA). 
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Proof, (i) Let a: M — >■ M be the universal covering of M. We have 
T*M =^ M Xm T*M. We se^ F = (ax idR)-^^, L = a'^L and 
A = (M X M) X(A/xM) A C T*(M x M). Then A is a smooth Lagrangian 
submanifold of T*M (maybe non connected) which satisfies ( 117.ip . We 
also have: SS(F) C A, F is simple along A, F|^^|^| ~ for t ^ and 

L ^ ^\mx{A}- '^^^ ^^^^ statement of the theorem is now equivalent to 
L ~ kj^[d]. Let do < di be integers such that H'^''{L) ^ 0, H'^'{L) ^ 
and H''(L) ^ 0, for all k ^ [do, di]. 

By Lemma 118.21 H^F^ is free over k, for all x ^ ttmxr 

(A) and all 

1 G Z. In particular the local systems H^L are locally free over k, for 
all i G Z. Since M is simply connected, we obtain H'^°{L) ~ k~ and 

H'^^ijj) ~ k^, for some no,ni G N. 

(ii) We first prove that L is concentrated in one degree, that is, do = di. 
Since F is simple along A we have fihom{F , F)\j,^^j^^-^^ ~ k^. Hence 

Theorem 117.101 applied with F' = F = F, gives 

(18.1) RHom(Z, L) ~ Rr(A; k^). 

We set for short G = miom{L, L). Then H^G ~ for all k < do - di 
and i/^o-'^iG ~ 'Hom(k"i, m. Hence 

^<io-dij^Hom(L, L) ~ iJ^""'^i(M; G) ~ Hom(k"S k"°) 7^ 0. 

Since Rr(A; k^) is concentrated in non-negative degrees we deduce 
do = di- 

(iii) Now we have L ~ k~[— rfo]. Hence, taking in (118.11) gives 

(18.2) Hom(k-°,k"°) ^ i/°(A;kx) ^ i7°(A; /i/iom(F, F)|^.(^^^)). 

It follows that A has connected components, say Aj, i = 1, . . . ,?7,q. 
Let Ci G i/°(A;k^) be the section with support Aj and equal to 1 on 
Aj. Let id^ G if°(A;k^) be the section induced by id^; G Hom(F, F). 

Then we have id^ = XliLi^*' o a = Ci and ej o =0 for all 

2 ^ j G {1, . . . , ng}. 

By Remark 117.111 the isomorphism (118. 2p is compatible with the 
compositions o of Hom(k"'°, k"'') and o of fihom(F,F). Let pi G 
Hom(k"°,k"°) be the image of Cj by (118. 2p . Then we have pf = pi 
and piPj = for alH 7^ j G {1, . . . ,nl}. Hence we have nl orthogo- 
nal projectors in Hom(k"°, k"°). This implies tiq < riQ and we deduce 
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no = 1, that is, L ^ kjj[— do], which proves the first statement of the 
theorem. 

(iv) We have fihom{F, F) ~ Ica and 'R'Hom{L, L) ~ kj\,/ by the first 
part of the theorem. Hence Theorem II 7. 10[ applied to F' = F, gives 

RT{M; kM) ^ RHom(L, L) ^ RT{A; kA), 

which is the last part of the theorem. We remark that this isomor- 
phism is induced by R'Hom{F,F) ^ R^n m xm) ^:IJ'hom{F, F), hence by 
the inverse image by hmxr, as claimed. □ 

By Theorem 18.31 and Corollary 116.61 (see also Remark 116. 7p . The- 
orem 118.31 gives the following result of [2] . We recall that Kragh [8] 
obtained a better result, namely that the Maslov class of A vanishes. 

Corollary 18.4. Let A C T*M be a compact exact Lagrangian sub- 
manifold. We assume that the Maslov class of A vanishes and that the 
image of the relative Stief el- Whitney class rw2{\o, X^) in H'^{X]'k^) 
is zero (see Definition \8.5\ and Corollary \8.6\) . Then the projection 
tta/Ia^ a — )■ M induces an isomorphism Rr(M; k^/) Rr(A; k^). 

19. HOMOTOPY EQUIVALENCE 

In [T] Abouzaid gives a result more precise than Corollary 118.41 in 
the situation of the corollary the projection hm induces an isomorphism 
of the Poincare groups. Since we already have an isomorphism between 
the cohomology groups it is enough to see that 7ri(A) 7ri(M) is an 
isomorphism. It is equivalent to show that the inverse image by ttm 
induces an equivalence of categories Loc(kA/) Loc(k^), for some 
field k, which we prove in this section. 

Let A C T*^q{M X M) be a closed conic connected Lagrangian sub- 
manifold such that A/M>o is compact and the map A/M>o T*M, 
(x, t;^,r) H- (x;^/r), is an embedding. It is equivalent to say that A 
is associated with a compact exact Lagrangian submanifold A G T*M 
as in Remark 116.71 We assume for simplicity that k is a field. We 
make the same hypothesis as in Corollary 118.41 on the vanishing of the 
Maslov and Stiefel- Whitney classes of A (or A). By Theorem 18.31 there 
exists a simple global object in (3'^(kA). By Corollary 116.61 there exists 
Fo e D^(kA/xK) satisfying (a), (b), (c) below: 

{(a) SS(Fo) nT*(M x M) c A, 
(b) Fo\Mx{t} ~ for t < 0, 
(c) Fo is simple along A, 
(d) Fo\Mx{t} ^ kA/ for t > A. 
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Theorem 118.31 implies that there exists A G M, (i G Z and a local 
system L on M with stalk k such that -foUfx{t} — L[d], for t > A. 
Hence, tensorizing Fq by q^j(D'L[—d\) we may assume that Fq also 
satisfies (d) in ffTorT]) . 

Recall that &(\<.\) is the substack of ©(Ica) formed by the objects 
whose microlocal germs are concentrated in one degree. Since k is a 
field, the functor 'Homep(kA)(-fo5 ") induces an equivalence of stacks 

(19.2) hp,: 6P(kA) ^ 0Loc(kA)[^]. 

The inverse image by qm and tt^xmIa : A — )■ M x M induce 

(19.3) ttIj-. Loc(kA/) ^ Loc(kMxM) "'''^ > Loc(kA). 

The tensorization by Fq composed with Sa : D^^^ (kjv/ xr) ©(kA) gives 

(19.4) Sf, : Loc(kM)[2] ^ 6^(kA), L ^ sa(Fo ® g^/L), 

where qm : M x M — )■ M is the projection. 

Lemma 19.1. Let Fq G D^(kMxM) be a quantization of A satisfy- 
ing (119. ip . r/ien the functors (119.21) - (119. 4p g'zwe i/ie commutative dia- 
gram: 



0,,, Loc(kM)[.] . 0^^, Loc(kA)[' 



(19.5) Fo®g]^/(-) 




DAuTX,^R(MxR)(kMxR) ^ ©^(kA). 

Proof. Recall that 'HomQp(^k.^){-, ■) ^ H'^ fihom{- , ■) by Corollary 13.41 
Hence, for L G Loc(kM) we have hFg{5Fo{L)) ~ fihom{FQ, Fq ® q^L). 
By [TJ Prop. 4.4.8] we have a general morphism, for a manifold X and 
Fi,F2,Gi,G2G Db(kx), 

L L L 

Rs]{iJ,hom{Fi, F2) fihom{Gi, G2)) jjihom^Fi ® Gi, F2 ® G2), 

where s: T*X Xx T*X — )■ T*X is the fiberwise sum. In our case, for 
Fi = F2 = Fq and Gi = k^xR, G2 = L, we obtain a natural morphism 
fxhom{FQ, Fq) (g) T^]J'y^T^q^L — )■ nhom{Fo, Fq ® q]^L). Since L is locally 
constant this is an isomorphism and we have fihom{FQ, Fq ® q~^lL) ~ 
kA ® ^a/xr^a/ which proves the commutativity of the diagram. □ 
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Theorem 19.2. Let M be a manifold and and let A C T*M be a com- 
pact exact Lagrangian submanifold. We assume that the Maslov class 
and the relative Stiefel- Whitney class of A vanish. Then the projection 
VTjv/lx- A — )■ M zs a homotopy equivalence. 

Proof, (i) We let A C T*yQ{M x M) be a closed conic connected La- 
grangian submanifold associated with A as in Remark 116.71 We choose 
Fq e D^(kj\,fxR) a quantization of A satisfying (119. ip . The functor hp^ 
is an equivalence of categories. Hence, by Lemma 119.11 it is enough to 
prove that Sfq also is an equivalence. We prove the fully faithfulness 
in (ii) and the essential surjectivity in (iii) below. 

(ii) Let us prove that Sp^ is fully faithful. Let L,L' G Loc(kA//) and 
i,i' G Z. We have to prove that 

Hom(LH],L'H']) ~ Hom6P(k^)(s^o(^H]),5Fo(i^'H1)). 

If i ^ i' both terms are zero by definition. So we assume i = i' = 0. 
Let A G M be such that A C T*{M x] - oo, A[). Then 

Homep(k^) {sp, (L) , Sp, {L')) 

~ iJ°(A; fihom{Fo ® q^L, Fq O 

~Hom((Fo®g^/^)l 
~ Hom(L,L'), 

where the first isomorphism follows from Corollary 13. 4[ the second one 
from the fact that fihom{Fo, Fq) is in degree 0, the third one from 
Theorem 117.101 and the last one from (d) in fll9.1l) . 

(iii) Let us prove that Sp^^ is essentially surjective. Let F G &(k\). 
By Theorem 116.51 there exists G G D^(kA/xiR) such that 

(a) SS(G)cAUT*,,j,(MxR), 

(b) G\Mx{t} ^ for t < 0, 

(c) Sa(G') ~ F. 

(iii-a) We set L = G\mx{a+i}- Then the are local systems on 
M. Let us prove that L is concentrated in one degree. Let a < be 
such that H^L ^ 0, H^L ^ and H'L = for z ^ [a,b]. We have 
canonical non zero morphisms u: H"-L[—a] — )■ L and L — )■ H^L[—b]. 
By Theorem 117. 101 we have 

(19.6) u^Oe Hom(i7U, L[a]) ~ H^iA; i2hom{Fo ® qMH^L, G)), 

(19.7) i; 7^ G Rom{L[b],H^L) ~ H~\A; j2hom{G, Fq ® qMH^L)) 
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Since Fq and G are pure, fihom^FQ.G) is concentrated in one degree, 
say d. Then jjhom^Fo ® q^^jH'^L, G) also is concentrated in degree d 
and nhom{G, FQ®q^^H'^L) is concentrated in degree —d. Hence (119.61) 
implies a > d and (119.71) implies —b > —d. Since b > a we deduce 
a = d = b. 

(iii-b) By (iii-a) L = G|a/x{a+i} is concentrated in degree d. We set 
Go = Fq 1^ q]^jL[—d]. Hence fihom{Go,G) is concentrated in degree 
and we have H^{A; ij,hom{Go,G)) ^ Homep(kA)(-SA(G'o),SA(G)). The 
same holds with Go and G exchanged. Then (119. 6p and (119. 7p translate 
into 

(19.8) Hom(L,L) ~ Hom6P(kA)(sA(Go), F) ^ Hom6P(kA)(i^, Sa(Go)). 

Moreover Remark 117.111 implies that (119.81) is compatible with the com- 
position. Letting a: 5a{Gq) — )■ F and b: F ^ Sa(Go) be the images of 
id-L by (119. 8p we deduce that a and b are mutually inverse isomorphisms. 
Hence F ^ Sa(G'o) — Sir(,(L[— rf]) and Spo is essentially surjective. □ 
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